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Abstract. We consider Schrodinger operator —A + V in R'' {d > 
2) with smooth periodic potential V and prove that there are only 
finitely many gaps in its spectrum. 
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1. Introduction 

This paper is devoted to proving the Bethe-Sommerfeld conjecture 
which states that number of gaps in the spectrum of a Schrodinger 
operator 

-A + l^(x), xeM'^ (1.1) 

with a periodic potential V is finite whenever d > 2. We prove 
the conjecture for smooth potentials in all dimensions greater than 
one and for arbitrary lattices of periods. The conjecture so far was 
proved by V.Popov and M.Skriganov [S] (see also in dimension 
2, by M.Skriganov [12], [13] in dimension 3, and by B.Helffer and 
A.Mohamed |3] in dimension 4; M.Skriganov [12] has also shown the 
conjecture to hold in arbitrary dimension under the assumption that 
the lattice of periods is rational. In the case d = 3 the conjecture was 
proved in ^ for non-smooth or even singular potentials (admitting 
Coulomb and even stronger singularities). An interesting approach to 
proving the conjecture was presented by O.A.Veliev in [TF|. 

There is a number of problems closely related to the Bethe-Sommerfeld 
conjecture on which extensive work has been done; the relevant publica- 
tions include, but are by no means restricted to, [2], [5] (and references 
therein), [7], [8]. Methods used to tackle these problems range from 
number theory ([12], [13], [7], [8]) to microlocal analysis in [3] and per- 
turbation theory in [5], [H] and fT5]. The approach used in the present 
paper consists, mostly, of perturbation theoretical arguments with a 
bit of geometry and geometrical combinatorics thrown in at the end. 
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There are certain parallels between the approach of our paper and 
the approach used in In particular, there are several important in- 
termediate results in our paper and in [15] which look rather similar to 
each other. Examples of such similarities are: precise asymptotic for- 
mulae for eigenvalues in the non-resonance regions and some, although 
not very precise, formulae in the resonance regions; proving that the 
eigenvalue is simple when we move the dual parameter ^ along a cer- 
tain short interval, and, finally, the use of geometrical combinatorics. 
However, here the similarities end, because the detailed methods used 
on each step are completely different. For example, paper [15j makes a 
heavy use of the asymptotic formulae for the eigenfunctions, whereas in 
our paper they are not needed. On the other hand, we prove that each 
eigenvalue close to A is described by exactly one asymptotic formula 
(i.e. the mapping / constructed in our paper is a bijection in a certain 
sense), and this plays an essential role in our proof, but in [15] this 
property is not required at all. In [15] a very important role is played 
by the isoenergetic surface, whereas we don't need it. This list can be 
continued, but it is probably better to stop here and state once again: 
the methods of [TJ] and our paper are different, despite the similarity 
of some intermediate results. It is also worthwhile to mention that 
asymptotic expressions for eigenfunctions as well as asymptotic formu- 
lae for isoenergetic surfaces were obtained by Yu.Karpeshina (see for 
example |5j). 

In many of the papers mentioned above, proving the conjecture in 
special cases comes together with obtaining lower bounds for either of 
the functions describing the band structure of the spectrum: the multi- 
plicity of overlapping m(A) and the overlapping function ({X) (we will 
give a definition of these functions in the next section). For example, 
in dimensions d = 2,3,4 it has been proved in [12], [13], [2], and [8] 
that for large A we have 

m(A) > A^ 

and 

C(A)»AV; (1.2) 

however, these estimates do not seem likely to hold in high dimensions. 
The estimates of the present paper are rather weaker, but they hold 
in all dimensions. Unfortunately, our approach does not allow to say 
anything stronger than m(A) > 1 for large A (this inequality is equiv- 
alent to the finiteness of the number of spectral gaps). However, it is 
possible to give a nontrivial lower bound for the overlapping function: 
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we will show that in all dimensions for sufficiently large A 

C(A) > X'-^. (1.3) 

The rest of the introduction is devoted to the informal discussion of 
the proof. Since the proof of the main theorem 12. H is rather complicated 
and technically involved, the major ideas are outlined here. 

After an affine change of coordinates, we can re-write our operator 

as 

H = Ho + V{^), Ho = BGB, (1.4) 

with the potential V being smooth and periodic with the lattice of 
periods of V equal (27rZ)'^ (D = iV and G = is d x ci positive 
matrix, where the matrix F is also assumed to be positive). Without 
loss of generality, we assume that the average of the potential V over 
the cell [0, 2n]'^ is zero (otherwise we simply subtract this average from 
the potential, which will just shift the spectrum of the problem). Let 
us fix a sufficiently large value of spectral parameter A = p^; we will 
prove that A is inside the spectrum of H. 

The ffist step of the proof, as usual, consists in performing the 
Floquet-Bloch decomposition to our operator (II. 4p : 

H= f Hik)dk, (1.5) 
J® 

where H(k) = Hq + V{x) is the family of 'twisted' operators with the 
same symbol as H acting in L'^{T'^) where T"^ := {x G M°', \xj\ < 
TT, 1 < j < d}. The domain D(k) of -ff(k) consists of functions 
/ G H'^iT'^) satisfying the boundary conditions / _ = e*^'^'^^/ _ , 
df_ I _ ^t2nkj dj_ I _ These auxiliary operators are labelled by 

aXj \xj=n OXj \xj= — 1T J L- J 

the quasi-momentum k G M'^/Z'^; see |T0] for more details about this 
decomposition. The next step is to assume that the potential is a 
finite trigonometric polynomial whose Fourier coefficients V^(m) vanish 
when |m| > R. The justification of the fact that it is enough to prove 
the conjecture in this case is not too difficult once we keep careful con- 
trol of the dependence of all the estimates on R. The main part of the 
argument consists of finding an asymptotic formula for all sufficiently 
large eigenvalues of all operators i^(k), with an arbitrarily small power 
of the energy in the remainder estimate. In order to be able to write 
such a formula, however, we have to abandon the traditional way of la- 
belling eigenvalues of each -ff(k) in the non-decreasing order. Instead, 
we will label eigenvalues by means of the integer vectors n G Z"^. Con- 
sider, for example, the unperturbed operator Hoik). Its eigenf unctions 
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and eigenvalues are 
and 

{|F(n + k)|2}„,^. (1.6) 

correspondingly. However, despite our precise knowledge of eigenval- 
ues, it is extremely difficult to write them in increasing order or, indeed, 
even to derive the one-term asymptotic formula for the j-th eigenvalue 
with the precise remainder estimate. It is rather convenient to intro- 
duce one parameter which takes care of both the quasi-momentum k 
and the integer vector n which labels eigenvalues in (11. 6p . We denote 
^ := n + k (notation indicates that £ can be thought of as being a dual 
variable) so that n = [^] and k = {^} (integer and fractional parts, 
respectively). Then we can reformulate formula (II. 6p for the unper- 
turbed eigenvalues as follows: there is a mapping / : M'^ ^ M, given 
by the formula /(^) = |F(n + k)p such that for each k the restriction 
of / to G M'^ : {^} = k} is a bijection onto the set of all eigenvalues 
of i^(k) (counting multiplicities). We want to give an analogue of this 
(trivial) statement in the general case. Let us define the spherical layer 

A:={^e I |F^|2 - A \ <40v} 

{v is the Loo-norm of V). Let G N be a fixed number. We will 
construct two mappings f,g : A ^ which satisfy the following prop- 
erties: 

(I) for each k the ffist mapping / is an injection from the set of all 
^ with fractional part equal to k into the spectrum of -f^(k) (counting 
multiphcities) . Each eigenvalue of H(k) inside J := [A — 20v, A + 20v] 
has a pre-image ^ & A with {^} = k. The perturbation inequality 
l/(^) - |F^PI < 2t; holds for all ^ e A. 

(II) for ^ G ^ satisfying jF^p g J we have: |/(C) - g{^)\ < p'^; 

(III) one can divide the domain of g in two parts: A = "B U T) (both 
"B and D are intersections of A with some cones centered at the origin 
- at least modulo very small sets) such that g{^) is given by an explicit 
formula when ^ G B, we have some control over g{$,) when ^ G 2), and 
the ratio of volumes of B and 2) goes to infinity when p —>■ oo. 

The set "B, called the non-resonance set, contains, among others, all 
points ^ G yi which satisfy the inequality 

\{^,Ge)\>p'/'\FO\ (1.7) 

for all non-zero integer vectors 6 with |^| <^ RN. The precise formula 
for g will imply, in particular, that when ^ G S we have g{^) = |F^p + 
G{^) with all partial derivatives of G being 0{p~'') for some e > 0. 
When ^ belongs to the resonance set D, we can give good estimates 



BETHE-SOMMERFELD CONJECTURE (2.2.2008) 



5 



only of the partial derivative of g along one direction; this direction 
has a small angle with the direction of ^. The behaviour of g along 
all other directions is much worse. Indeed, by considering potentials 
V which allow to perform the separation of variables, one can see that 
the function g can not, in general, be made even continuous in the 
resonance set. However, we still have some (although rather weak) 
control over the behaviour of g along all directions inside the resonance 
set; see lemma [7.111 for the precise formulation of these properties. 

One should mention that asymptotic formulae of non-resonance eigen- 
values (i.e. the function g{^) for ^ G S in our notation) and some res- 
onance eigenvalues were obtained before in certain cases, using com- 
pletely different methods, by O. A. Veliev, [H] and [15] and Y. E. 
Karpeshina (see [1], [5] and references therein). However, as has been 
already mentioned, there are certain distinctions between the settings 
of [15] and [5] and the settings of our paper. Because of this, and in 
order to make our paper self-contained, it seems sensible to include an 
independent proof of the asymptotic formula for eigenvalues. 

Before describing how to construct these mappings, we explain first 
how to prove the Bethe-Sommerfeld conjecture using them. Put 6 = 
p~^. For each 77 G M"^ of unit length we denote the interval consisting 
of points ^ = trj, t > satisfying g{^) G [A — 5, A + 5]; we will consider 
only vectors 77 for which Ir, & "B. Suppose we have found an interval 
Irj on which the mapping / is continuous. Then property (II) above 
together with the intermediate value theorem would imply that there 
is a point ^(A) G /r, satisfying /(^(A)) = A, which would mean that 
A is in the spectrum of H. Thus, if we assume that A belongs to the 
spectral gap, this would imply that the mapping / is not continuous on 
each of the intervals J^,. A simple argument shows that in this case for 
each point ^ G S with \g{$) — A| < 5 there exists another point ^17^^ 
with ^ — ^1 E Z'^ and |(?(^i) — A| ^5. The existence of such a point 
(which we call a conjugate point to ^) is a crucial part of the proof; it 
seems that similar arguments based on the existence of conjugate points 
could be helpful in analogous problems. Afterwards, a geometrical 
combinatorics argument shows that for sufficiently small 5 (5 x p^"'^ 
would do) some (moreover, most) of the points ^ G 'Bng~^(^[\—6, 
have no conjugate points; the important part in the proof is played by 
the fact that the surface g~^{\) n B has positive curvature in each 
direction. 

Now let us discuss how to construct mappings / and g with properties 
described above. This is done in several steps. First, we prove lemma 
13.21 which states that under certain conditions it is possible instead of 
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studying eigenvalues of the operator H = Hq + V, to study eigenvalues 
of the operator 



where are spectral projections of Hq; the error of this approxima- 
tion is small. This result can be applied to the operators H{k) from 
the direct integral (11. 5p . We want therefore to study the spectrum of 
the (direct) sum (II. 8p where are projections 'localized' in some do- 
mains of the ^-space. The geometrical structure of these projections 
will depend on whether the localization happens inside or outside the 
resonance regions. The case of a projection P^ 'localized' around a 
point ^ G B is relatively simple: the rank of such projections does not 
depend on p or the 'localization point' Thus, in this case we will 
need to compute the eigenvalue of the finite matrix P^ H{\i)PK This 
can be done by computing the characteristic polynomial of this matrix 
and then using the iterative process based on the Banach fixed point 
theorem to find the root of this characteristic polynomial. It is much 
more difficult to construct projections P^ corresponding to the points $, 
located inside the resonance set D. The form of projections will depend 
on, loosely speaking, how many linearly independent integer vectors 6 
for which (II. 7p is not satisfied are there. The construction of such pro- 
jections is the most technically difficult part of the paper. Once these 
projections are constructed, it turns out that the eigenvalues of P^HP^ 
with large p can be easily expressed in terms of the eigenvalues of the 
operator pencil rA + B where A and B are fixed and r ~ p is a large 
parameter. The rest is a relatively simple perturbation theory. 

The approach used in this paper can be applied to various related 
problems. For example, it seems possible to obtain several new terms of 
the asymptotics of the integrated density of states using these methods. 
It might even be possible to obtain the complete asymptotic formula; 
however, this would require much more careful analysis of the mapping 
g in the resonance set. As an immediate 'free' corollary of our results 
we obtain the theorem 17. 1 71 which seems too be new. Loosely speaking, 
it states that there are no 'simultaneous clusters' of eigenvalues of all 
operators -ff(k). 

The approach of this paper works almost without changes for the 
polyharmonic operators (—A)' + V with a smooth periodic potential 
V . Another possible field of applications of the results of this paper is 
studying the structure of the (complex) Bloch and Fermi varieties. 

The rest of the paper is constructed as follows: section 2 has all 
necessary preliminaries; also, in this section for the convenience of the 
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reader we, taking into account the size of the paper, give references 
to the definitions of all major objects in the paper. Section 3 proves 
the abstract result allowing to reduce computation of the spectrum of 
H = Hq + V to the computation of the spectrum of P^HP\ 
being the spectral projections of Hq. Section 4 proves various estimates 
of angles between lattice points which are needed to keep track on the 
dependence of all results on R- the size of the support of the potential. 
In section 5 we apply the abstract lemma from section 3 to our case and 
perform the reduction of H to the sum of simpler operators. In section 6 
we compute the eigenvalues of these simpler operators corresponding to 
the non-resonance set; we also give the formula for g{^) when ^ G B. 
Section 7 is devoted to the study of the properties of these simpler 
operators and the mapping g restricted to the resonance set 2). Finally, 
in section 8 we prove the Bethe-Sommerfeld conjecture. 

When this manuscript was ready, I have learned that another article 
of Veliev [16] was published recently. 
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statements from section 4. I am also immensely grateful to Gerassimos 
Barbatis, Yulia Karpeshina, Michael Levitin, and Roman Shterenberg 
for reading the preliminary version of this manuscript and making very 
useful comments and also for helping me to prepare the final version 
of this text. 

2. Preliminaries 

We study the Schrodinger operator 

H = Ho + V{^), Ho = BGB, (2.1) 

with the potential V being infinitely smooth and periodic with the 
lattice of periods equal {2nZY. Here, D = iV, and G = F"^ is d x d 
positive matrix; F is also taken to be positive. 

Throughout the paper we use the following notation. If A is a 
bounded below self-adjoint operator with compact resolvent, then we 
denote by {fj,j{A)} (j = 1, 2, . . . ) the set of eigenvalues of A written in 
non- decreasing order, counting multiplicities. 

As we have already mentioned, the spectrum of H is the union over 
k G W^/l/- of the spectra of the operators H{k), the domain of each 
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H{k) is D(k) and H{k) := DGD + ^(x). By Sj := L'^iT'^) we denote 
the Hilbert space in which all the operators H{k) act. We also denote 
by i?o(k) the operator DGD with the domain 2)(k). Let Aj(k) = 
/ij(if(k)) be the jth eigenvalue of H{k). Then it is well-known (see, 
for example, [lOj) that each function Aj(-) is continuous and piecewise 
smooth. Denote by the image of Aj(-). Then is called the jth 
spectral hand. We also define, for each A G M, the following functions: 

m(A) = #{j : A G ^,} 

is the multiplicity of overlapping denotes the number of elements in 
a set). The overlapping function C(A) is defined as the maximal number 
t such that the symmetric interval [A — t, A + 1] is entirely contained in 
one of the bands 

C(A) = maxmax{t G R : [A - t, A + t] C dj}. 
j 

Finally, 

NiX) = [ #{j : A,(k) < X}dk (2.2) 

JlO,l]d 

is the integrated density of states of the operator (11. 4p . For technical 
reasons sometimes it will be convenient to assume that the dimension d 
is at least 3 (in the 2-dimensional case the conjecture has been proved 
already, so this assumption does not restrict generality). The main 
result of the paper is the following: 

Theorem 2.1. Let d > 3. Then all sufficiently large points X = are 
inside the spectrum of H . Moreover, there exists a positive constant Z 
such that for large enough p the whole interval [p^ — Zp^^"^, p^ + Zp^^"^] 
lies inside some spectral hand. 

Without loss of generality we always assume that /^^ ^^^^^ l^(x)c?x = 0. 
Abusing the notation slightly, we will denote by V both the potential 
itself and the operator of multiplication by V . 

By B{R) we denote a ball of radius R centered at the origin. By C 
or c we denote positive constants, depending only on rf, G, and norms 
of the potential in various Sobolev spaces H'^ . In section 5 we will 
introduce parameters p, qj and M; constants are allowed to depend on 
the values of these parameters as well. The exact value of constants can 
be different each time they occur in the text, possibly even each time 
they occur in the same formula. On the other hand, the constants which 
are labelled (like Ci, C3, etc) have their values being fixed throughout 
the text. Whenever we use O, o, 3>, <^, or x notation, the constants 
involved will also depend on d, G, M, and norms of the potential; the 
same is also the case when we use the expression 'sufficiently large'. 
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Given two positive functions / and g, we say that f ^ g, or g <^ f , or 
g = 0{f) if the ratio j is bounded. We say f ^ g if f ^ g and f <^ g. 

By A = we denote a point on the spectral axis. We will always 
assume that A is sufficiently large. We also denote by v the Loo-norm 
of the potential V, and J := [A - 20w, A + 20w]. Finally, 

A I |F^|2 - A |< 40f} (2.3) 

and 

Ai := {i e I |F|p - A |< 20w}. (2.4) 
Notice that the definition of A obviously implies that if ^ G ^1, then 

I |F^I -P |< P~^- 

Given several vectors rj^, . . . ,r]^ G M°', we denote by R{r]^, . . . , rj^) 
the linear subspace spanned by these vectors, and by Z{r}i, . . . ,r]^) 
the lattice generated by them (i.e. the set of all linear combinations of 
r]j with integer coefficients; we will use this notation only when these 
vectors are linearly independent). We denote by yi^rji, . . . ,r]^) the 
d X n matrix whose jth column equals rjj. Given any lattice F, we 
denote by |F| the volume of the cell of F, so that if F = Z^rj^, . . . , r]^), 
then |F| is the absolute value of the determinant of lSA{r]i, . . . , r]^). We 
also denote, for any linear space 23 C W^, B{^; i?) := 5J fl B(R). For 
any non-zero vector ^ G we denote n{^) := Any vector ^ G M'* 

can be uniquely decomposed as ^ = n + k with n E Z'^ and k G [0, 1)''. 
We call n = [^] the integer part of ^ and k = {^} the fractional part 

ofe 

Whenever P is a projection and A is an arbitrary operator acting 
in a Hilbert space 5{, the expression PAP means, slightly abusing the 
notation, the operator PAP : P'K P'K. 

Throughout the paper we use the following convention: vectors are 
denoted by bold lowercase letters; matrices by bold uppercase letters; 
sets (subsets of M.^) by calligraphic uppercase letters; linear subspaces 
by gothic uppercase letters. By vol(C) we denote the Lebesgue measure 
of the set C. If Gj C M"', j = 1,2 are two subsets of R"', their sum is 
defined in the usual way: 

Finally, for the benefit of the reader we will list here either the defi- 
nitions of the major objects introduced later in the paper or references 
to the formulas in which they are defined. 

/, (yf : yi — >■ R are mappings satisfying properties listed in theorem 
17.131 (if the Fourier transform of V has compact support) and in corol- 
lary l7.15l for general potentials. The sets Qj and 9^ are defined in (15. 5p . 
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The projections ^^''•'(C) are defined immediately before Lemma 15.141 

V{n), 

0(2J) are defined at tlie beginning of subsection 7.1. 
Tlie sets S(23) and Sj(5J) (j = 0, . . . , 3) are defined in formulas (15.71) - 
fimi) : the sets Tj(^), T(|), T(^i;^2), and T(^; f/) are defined by 
formulas fl7.1l) . fl7.2p . (17.111) . and (I7.15P correspondingly. The numbers 
p and Qn are defined in (I5.15p . K = pP and L„ = p''". The projection 
P(^) and the operator -ff'(^) are defined in (17. 3p and (I7.4p correspond- 
ingly. The sets !B and D are defined in (15.131) and (I5.12p . r(^) and ^'^j 
are defined by formula (17. 8p . Operators A and B are defined by (17.301) 
and (I7.3ip . Finally, the sets A{5), B(5), and 2) (5) are defined before 
Lemma 18. 1[ 



3. Reduction to invariant subspaces: general result 

The key tool in finding a good approximation of the eigenvalues of 
if(k) will be the following two lemmas. 

Lemma 3.1. Let Hq, V and A be self-adjoint operators such that Hq 
is hounded below and has compact resolvent, and V and A are bounded. 
Put H = Hq + V and H = Hq + V + A and denote by fii = iii{H) 
and fii = iii{H) the sets of eigenvalues of these operators. Let {Pj} 
(j = 0, . . . ,n) be a collection of orthogonal projections commuting with 
Ho such that Pj = I, PjVPk = for \j-k\ > 1, and A = P^A. Let I 
be a fixed number. Denote by Oj the distance from fii to the spectrum of 
PjHoPj Assume that for j > 1 we haveaj > Aa, where a := ||V^|| + ||y4||. 
Then \fLi-Hi\< 22"a2"+i - 2a) -2. 

Proof Let Ht = H + tA, < t < 1 and let /i(t) = iii{H{t)) be 
the corresponding family of eigenvalues. We also choose the family of 
corresponding normalized eigenfunctions (j){t) = 4>i{t). We will skip 
writing the index / in the rest of the proof. Elementary perturbation 
theory (see, e.g., [6]) implies that /i(t) is piecewise differentiable and 

^ = {Amm- (3.1) 

Let = ^j{t) := Pj0(t), and let Vkj := PkVPj (so that Vjk = if 
\j — k\ > 1). Then the eigenvalue equation for 0(t) can be written in 
the following way: 

^^0*0 + Voo^o + Voi<l>i = /i(t)$o 
Ho<l>j + + Vjj<l>, + V,j+i$,+i = /i(t)$,-, l<3 <n (3.2) 

Ho^n + Vnn-l^n-l + Kn$n + tA^n = l^{t)^n- 
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Indeed, let us apply Pk to both sides of equation {Hq + V + tA)(j) = ficj). 
We will obtain 

Ho^k + PkV(f) + tPkA(f) = i^^k- (3.3) 
Now we use the following identities: 

PkV(j) = PkVj2Pj<f>= Yl PkVP,(j)= Yl ^^^^^ (3.4) 

3 j,\j-k\<l j,\j-k\<l 

and A = PnA = (P„A)* = AP„ = P„AP„, so 

PkA(j) = 6k,rrA^n. (3.5) 

Identities (I331)-(I33D imply flO) . 

Let us now prove, using the backwards induction, that for all k, 
1 < k < n and all t G [0, 1] we have 

imm < ^^w^k^iim- (3.6) 

ttk — 2,a 

Indeed, from the last equation in (13.21) we see that 

^n{t) = -[Pn{Ho + Vnn + tA - /i(t) )P„] " V„ „_1<I>„_1 (t) . (3.7) 

Since — /i(t)| < a, the distance from /i(t) to the spectrum of PuH^Pn 
is at least a„ — a. Since ||Ki„ + tA\ \ < a, this implies 

\\[PrXH^ + Vnn + tA-^l{t))Pr:\-^\\ < 

an — 2a 

Thus, ([32D implies ||$„(t)|| < -^^aW^n-iiM, and ([MD holds for 
k = n. Assume now that we have proved (13. 6p for all k between j + 1 
and n, 1 < j < n. Then, analogously to (13. 7p . we have: 

$,(t) = -[P,(i/o + V^, -/i(t))P,]-'[V,,-i$,-i(t) + V^,,+i$,+i(t)], (3.8) 
so 

\m)\\<^^mj^i{m + \\^Mm) 

< ^^ii*.-i(^)ii + 7 — 7^ — 7^,mt)\i 

aj — 2a [aj — 2a) (a^+i — 2a) 

where we have used the validity of (13.61) for k = j + 1. This shows that 
(13.61) holds for k = j, since 

2a2 1 
< -. 



{aj — 2a){aj^i — 2a) 2 
Using (13. 6p and the fact that ||$i|| < 1, we see that 

||<|),^J| < 

~ nLi(«i-2a) 
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Since the RHS of (13. ip equals 

(P„AP„0(t),0(t)) = (A<l>„(t),$„(t)), 

this finishes the proof □ 

Now we formulate the immediate corollary of lemma 13.11 which we 
will be using throughout. 

Lemma 3.2. Let Hq and V be self- adjoint operators such that Hq is 
bounded below and has compact resolvent and V is bounded. Let {P™'} 
(m = 0,...,T) be a collection of orthogonal projections commuting 
with Hq such that if m ^ n then P"'P'' = P"^VP'' = 0. Denote 
Q '■= I — ^ P™'- Suppose that each P™ is a further sum of orthogonal 
projections commuting with Hq: P™ = ^j™o-P/" such that PJ^VPf^ = 
for \j - /| > 1 and PJ^VQ = if j < j^. Let v := \\V\\ and 
let us fix an interval J = [Ai,A2] on the spectral axis which satisfies 
the following properties: spectra of the operators QHqQ and P^HqPj , 
j > 1 lie outside J; moreover, the distance from the spectrum of QHqQ 

k u jz>k 

j 



to J is greater than 6v and the distance from the spectrum of P^HqP:^ 



(j > 1 j '^0 J, which we denote by a^, is greater than 16v. Denote by 



Hp < ■ ■ ■ < Hq all eigenvalues of H = Hq + V which are inside J. Then 
the corresponding eigenvalues ftp, . . . , fiq of the operator 

H:=Y^ P'^HP"' + QHqQ 

m 

are eigenvalues of pmjjpm^ ^j^^y g^fj^gjy 
\jlr — hA ^ max 



all other eigenvalues of H are outside the interval [Xi + 2v, A2 — 2v] 
Proof. Assumptions of the lemma imply that 



Therefore, H - 2v{Q + EmPZ^ < H < H + 2v{Q + PJ^), and the 
elementary perturbation theory implies that for all I 



{H - 2v{Q + J2 PD) < f'liH) <Hi{H + 2v{Q + PPJ)- (3-10) 



The operators H ± 2v{Q + X^m-^j™) ^P^i^ ^^^'^ invariant 
operators QHqQ ± 2vQ and P^HP"^ ± 2vPJ^ (m = 0, . . . ,n). The 
spectrum of operators QHqQ±2vQ is outside [Ai— 4t>, A2+4t>] due to the 
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assumptions of the lemma. Therefore, since the shift of an eigenvalue 
is at most the norm of the perturbation, for p < I < q, fJ'i{H ±2v{Q + 
Ylm^jZ^) is an eigenvalue of one of the operators p"^}{p"^ ± 2vPJ^. 
If we now apply lemma 13.11 to each of the operators p^HP^ ± 2vP^ 
with A := ±2fPJ" and a = 3v, we will obtain 

\fi,iP"^HP"^ ± 2vPpj - ii,{P^HP"^)\ 

Jm 

m. J- J- 



< max 



Jm. 



-2 



(3.11) 

provided fik{P"^HP"^) G [Ai — 4^;, A2 + 4f]. Let us now define the 
bijection F mapping the set of all eigenvalues of H to the set of all 
eigenvalues of {fii{H + 2v{Q + ^^-Pj^))} (counting multiphcities) in 
the following way. Suppose, /i is an eigenvalue of H . Then either 
= ^^kiQii^Q), or /i = fik{P"^HP"^) for some fc, m. We define F{fi) : = 
Hk{QHoQ + 2vQ) in the former case, and F{fi) := Hk{P"'HP"' + 2vPJ^) 
in the latter case. Then the mapping F satisfies the following proper- 
ties: 

\F{fx) - fx\<2v; (3.12) 
moreover, if /i G [Ai — 4t>, A2 + 4t>], then 

\F{fx)-fx\<T (3.13) 
(this follows from (13.111) ). A little thought shows that this implies 

I^K^ + MQ + '"'(^)l ^ ^ (3.14) 

m 

for p < / < g. Indeed, suppose that fl3.14p is not satisfied for some /, 
say 

^^l{H + 2v{Q + PTJ) - > r; (3.15) 

m 

in particular, this implies fJ'i{H + 2v{Q + J2mPjZ)) ^ Ai — 2t>. Then the 
pigeonhole principle shows that F maps at least one of the eigenvalues 

iik{H), k < I to UH+MQ+T.mPTJ) witht > /. l^^lu{H) < Xi-Av, 

this contradicts fl3.12p . and if fik{H) > Ai — 4t>, this contradicts fl3.13p . 
These contradictions prove (13.141) . Similarly, we prove that 
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Estimates f l3.14p and (13.161) together with (13.101) prove the lemma. □ 



Corollary 3.3. // all conditions of lemma lSTB are satisfied, there ex- 
ists an injection G defined on a set of eigenvalues of the operator 
Ylm P^HP^ ( all eigenvalues are counted according to their multiplici- 
ties) and mapping them to a subset of the set of eigenvalues of H (again 
considered counting multiplicities) such that: 

(i) all eigenvalues of H inside J have a pre-image, 

(a) If fij G [Ai + 2v, X2 — 2v] is an eigenvalue of J2m P^HP^, then 



\G{^j) — < max 



(6f 



and 



(Hi) G{fij{Y^^P"^HP"^)) = fij^i{H), where I is the number of eigen- 
values of QHqQ which are smaller than Ai. 



Proof. Statements (i) and (ii) follow immediately from lemma [3T2l and 
to prove (iii) we just notice that if -f""-^-^"") ^ then 

/X, P-^HP^) = fiMQHoQ + Yl P'^HP^). 



□ 



4. Lattice points 

In this section, we prove various auxiliary estimates of angles between 
integer vectors. 

Lemma 4.1. Let r}i,...,r}^ E Z'^ be linearly independent. Let T = 
Z{r]^, . . . , ry^) and suppose that ui, . . . , Vn-i G F fl B{R). Then there 
exists a vector eT, 6^0 orthogonal to all uj 's, such that 

n—l 

1^1 <2"|rin 1^,1 (4.1) 

and, therefore, \e\ < 2"|r|i?"-^ 

Proof. For r > 1 let A,,. C -R(?7i, • • • , r}^) be the set 

Ar = {^e i?(r7i, . . . , J : I i/,) I < 1, J = 1, 2, . . . , n - 1, & |^| < r}. 

This set is obviously convex and symmetric about the origin. Moreover, 

n-l 
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By Minkowski's convex body theorem (see, e.g., [Tj, §111.2.2 Theo- 
rem II), under the condition Yol{Ar) > |r|2" the set Ar contains at 
least two non-zero points ±0 G F. The above condition is satisfied 
if rUjZlWjl'^ > S'^iri, that is if r > 2°'|r| n"=iM*^il- Since j//s 
and are integer vectors, the condition 1(0,1^ j)\ < 1 is equivalent to 
{0,1^ j) = 0. This implies the required result. □ 

Lemma 4.2. Let 0i, . . . , 0^, n E 7/ r\ B{R) be linearly independent. 
Then the angle between n and R{0i, . . . , 0n) is ^ R~^~^ . 

Proof. Suppose this angle is smaller than Then the lattice 

r = Z{0i, . . . , 0n, ^t) has |r| < 1. Lemma 14.11 then implies that there 
exists a vector E T, 0j, \0\ i?". Then, since and /x are non- 
orthogonal integer vectors, we have: 0)\ > 1, and sin of the angle 
between /x and R{0i, . . . , 0n), which equals cos of the angle between /j, 
and 0, is bounded below by ^ R~'"'~^. □ 

Corollary 4.3. Let 0i, . . . , 0n, fJ, E Ij^H B{R) be linearly independent. 
Then the angle between Ffi and R{F0i, . . . , F0n) is ^ R~"~^ . 

Proof. This is equivalent to saying that for each ^ G R{0i, . . . ,0n) 
the distance between F(n(^)) and is larger than cR~^~^. But the 
distance between F(?7.(/x)) and F^ is not greater than the largest eigen- 
value of F times the distance between n{^) and Now the statement 
follows from lemma W?2\ □ 

It is possible to generalize lemma W?2\ a bit: if we talk about distance 
from a vector to a linear sub-space instead of the angle between a vector 
and a subspace, we can drop the assumption that \^\ < R: 

Lemma 4.4. Let G Z'' fl B{R) and e 7/ be linearly 

independent. Then the distance between fi and R{0i, . . . , 0n) is ^ 

..,6>n)| 



Proof. The distance between /x and R{0i, . . . , 0n) equals q )| • 

The square of the denominator of this fraction is the determinant of 
the n X n matrix A with Ajk := {0j, 0k) = OlR"^), so the denominator 
is 0{R^). Similarly, the square of the numerator is the determinant of 
(n + 1) X (n -|- 1) non-singular matrix with integer entries. Therefore, 
the absolute value of the numerator is at least 1. This proves our 
statement. □ 

The following result is a generalization of lemma 14.11 and the proof 
is similar: 

Lemma 4.5. Let T be as above and let i/i, . . . , 1/^ £ Tr\B{R) (m < n) 
Then there exist linearly independent vectors 0i, . . . ,0n-m G T such 
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that each 6i is orthogonal to each Uj and 

n—m m 
1=1 3=1 

Proof. Applying lemma 14.11 n — m times, we see that the set of vectors 
from r which are orthogonal to Uj form a lattice Tn-m of dimension 
n — m. Let 6j {j = 1, . . . ,n — m) be successive minimal vectors of 
Tn-m- That means that di is the smallest nonzero vector in Tn-m', 
^2 G Tn-m is the smallest vector linearly independent of Oi, 63 E Tn-m 
is the smallest vector linearly independent of ^i, ^2, etc. 
For r > 1 let Ar C -R(r7i, • • . , ri^) be the set 

Ar = {^e R{'n^,...,'nJ < l,j = l,2,...,m, & ||| < r}. 

This set is obviously convex and symmetric about the origin. Moreover, 

m 

vol(>A,) >r"-'" (4.3) 
i=i 

Applying again Minkowski's convex body theorem, we find that the set 
Ar contains at least 

N = [2-"ir|-^voi(yi,)] > |rrV"-™ (4.4) 

pairs of points ±1-1^ & T, k = 1, . . . , N. Obviously, each /x^ is orthogo- 
nal to each i/j. Suppose, r < \6n-m\- Then, obviously, < r < \0p+i\ 
for some p < n — m — 1. The dimension of R{fii, • • • , At^r) is then < p, 
and each is a linear combination of 6i, . . . ,6p with integer coeffi- 
cients. Denote Tp := Z{6i, . . . , Op). Minkowski's second theorem (see, 
e.g., [1], §VIII.2, Theorem I) shows that 

p 

Y[\ei\<^\Tp\. (4.5) 

1=1 

A simple packing argument shows that A^lFpl is smaller than the volume 
of the ball of radius {p+l)r in R{6i, . . . , dp), i.e. iV|rp| -C r^. Estimate 
(14.51) implies 

p 

1=1 

Therefore, if the condition 

p 

NY[\Oi\>CrP (4.6) 

1=1 
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is satisfied, where C is sufficiently large, this implies that r > |0p+i|. 
Estimate (14.41) shows that if 

m n—m—1 

r>C\T\\[W^\ J] \ei\-\ (4.7) 
j=i 1=1 

then condition (14. 6 p with p = n — m — 1 will be satisfied and this would 
guarantee that r > |0„_m|. In other words, if r is greater than the 
RHS of (14.71) . then r > |0ri_m|- This implies 

m n—m—1 
j=l 1=1 

which finishes the proof. □ 

Let vi, . . . ,Vn eR'^ {n < d). We denote by M = M{vi, . . . , z^„) the 
d X n matrix whose jth column equals Vj. We also denote 



A ■ ■ ■ A Unh ■■= Vdet(M*M) (4.8) 

(M*M is obviously non- negative, and so is the determinant). The 
reason for the notation is that we can think of Hi^i A ■ ■ ■ A^'„||2 as being 
the Hilbert- Schmidt norm of the tensor i^i A ■ • • A i^n- 

Lemma 4.6. Let Vi, . . . , i/„, fi^, . . . , /j,^ G M.^. Let V\ = R^vi, . . . , Vn) 
and V2 = -R(a*1) • • • ? A*m)- -^^^ angle between V\ and Vi. Then 

the following inequality holds: 

A---Ai/„AaIi A---A/x„||2 

sma > — — (4.9) 

llz^i A ■ ■ ■ A Unhmi A ■ • • A H.J\2 

Proof. If we multiply matrix M from the right by a non-singular n x n 
matrix B, the expression (14. 8 p is multiplied by det B. This observation 
shows that elementary transformations of the set of vectors u (i.e. mul- 
tiplying Vj by a non-zero scalar, adding Uj to u^, etc) do not change 
both sides of (14. 9p : the same is the case for elementary transformations 
of the vectors /x. Thus, we may assume that vectors u form an or- 
thonormal basis of Vi, vectors n form an orthonormal basis of V2, and 
the angle between Ui and fii equals a. Notice that now the denomina- 
tor of the RHS of (14. 9 p equals 1. Next, we notice that an orthogonal 
change of coordinates results in multiplying M from the left hj a dx d 
orthogonal matrix and thus doesn't change (14.80 and the RHS of (14. 9p : 
the LHS of (14. 9 p is obviously invariant under an orthogonal change of 
coordinates as well. Assume, without loss of generality, that n > m. 
Then, applying an orthogonal change of coordinates, we can make our 
vectors to have the following form: = Gj {j = 1, . . . ,n, where ej are 
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standard basis vectors), fij = pjej + qjen+j, {Pj,qj > 0, + g| = 1). 
Elementary geometry implies cos a = pi, and so sin a = qi. Computing 
the determinant, we obtain: 

n 

Wui A ■ ■ ■ A A /Xi A ■ ■ ■ A Ai^||2 = < gi- 

The lemma is proved. □ 

Lemma 4.7. Let v>i, . . . , Un, /x^, . . . , e Z"^ fl B{R) be linearly inde- 
pendent. Let V\ = R{vi, . . . , Vn) and V2 = -R(Mi; • • • > /^m)- Then the 
angle between V\ and V2 is^ 11^=1 l^jl ""^ \Sd=\ l^il ""^ ^ 

Remark 4.8. It is not difficult to see that the power —n — m in lemma 
14.71 is optimal. 

Proof. We use the inequality (14.91) and notice that the numerator of the 
RHS is a square root of an integer number (since all vectors involved 
are integer) and is non-zero (since the vectors are linearly independent). 
Therefore, the numerator is at least 1. The denominator is, obviously, 
^ 11^=1 l^il ni^i I Mi I- This finishes the proof. □ 

Using the same argument we have used while proving Corollary 14. 3[ 
we can prove the following 

Corollary 4.9. Let i^i, . . . , ^j^, . . . , /x^ G H B{R) be linearly 
independent. Let V\ = R{Fui, . . . , Fun) and V2 = RiF/j,^, . . . , F^i,^). 

Then the angle between Vi and V2 is 3> R~"'~"^ 

Lemma 4.10. Let ui, . . . ,Un e Z'^nB{R) and fi^, . . . , fi^ e Z^n5(i?) 
be two sets. We assume that each set consists of linearly independent 
vectors (but the union of two sets is not necessary linearly indepen- 
dent). Let V\ = R^vi, . . . ,h'n) and V2 = -R(/Xi, . . . , ^„). Suppose, 
dim (Vi n V2) = I. Then there are I integer linearly independent vec- 
tors di,. . . ,61 e {Z'^ nViD V2) such that \dj\ ^ ^m+n-i+i ^ Moreover, 
the angle between orthogonal complements to {Vi H V2) in Vi and V2 is 
bounded below by CR'"', a = a{n, m,l) = n + m + 2l{m + n — I + 1) . 

Proof. Denote M = M(i/i, . . . , —fii . . . , — /x^). The rank of M 
equals k := m + n — I. Without loss of generality we can assume that 
the top left k X k minor of this matrix is non-zero (otherwise we just 
change the order of the vectors —fij or the order of the coordinates Xj). 
In order to find the basis of the intersection Vi fl V2 we have to solve 
the system of equations 

Mt = 0. (4.10) 
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Indeed, if t = (ti, . . . , tn+m)'^ is a solution of (14.101) . then Ylp=i ^p^p ~ 
Yl^=i'^n+qfJ'q G Vi fl ¥2- Now the simple linear algebra tells us that 
the basis of solutions of f l4.10p is formed by the vectors of the form 
(si, . . . , Sfc, 1, 0, . . . , 0), (ti, . . . , tfc, 0, 1, . . . , 0),..., (n, . . . , Tfc, 0, . . . , 0, 1). 
Using Cramer's rule, we find that each of the numbers Sj, tj, tj, etc 
is a ratio of two determinants, each of them an integer number <C R^; 
moreover, the denominator is the same for all of the numbers sj, tj, 
etc. After multiplication by the denominator, we obtain an integer 
basis of solutions of f l4.10p with entries -C R^. For any such solution 
t the following estimate holds: | Ylp=i'^p^p\ ^ R'''^^- This proves the 
first statement of lemma. To prove the second statement, we first use 
Lemma H75l to construct integer bases {r/^, . . . , r]^_i} and {$,1, . . . , $,m~i} 
of the orthogonal complements to Vi fl V2 in Vi and V2 correspondingly 
with properties 

n—l 

JJ|r7^.| < J^n+lim+n-l+l) 

i=i 

and 

m~l 

|^-| <^ j^m+Z(m+n— 

i=i 

Now Lemma 14.71 produces the required estimate. This finishes the 
proof. □ 



Using the same argument we have used while proving Corollary 14. 3[ 
we can prove the following 

Corollary 4.11. Let ui, . . . , Un, ^ii, ■ ■ ■ , /-i^ £ H B(R) be two lin- 
early independent families of vectors. Let V\ = RiFvi, . . . , Fun) and 
V2 = R{F^i, . . . ,FiJ,^) . Then the angle between orthogonal comple- 
ments to Vi n V2 in Vi and V2 is > i^-^C"'"*'') . 

5. Reduction to invariant subspaces 

Let A = be a large real number. In this section, we use lemma 
13.21 to construct the family of operators H(k) the spectrum of which 
(or at least the part of the spectrum near A) is close to the spectrum 
of H(k). Consider the truncated potential 

V'(X)= Yl ^Mem(x), (5.1) 

meB{R)nZ'' 

where 
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and 

V^(m) = / y(x)e_^(x) (5.2) 

7[0,27r]<i 

are the Fourier coefficients of V. Ris a large parameter the precise value 
of which will be chosen later; at the moment we just state that R 
with 7 > being small. Throughout the text, we will prove various 
statements which will hold under conditions of the type R < p^^ . After 
each statement of this type, we will always assume, without possibly 
specifically mentioning, that these conditions are always satisfied in 
what follows; at the end, we will choose 7 = minjj. 
Since V is smooth, for each n we have 

sup |\/(x) - ^^'(x)! < C„i?-". (5.3) 

This implies that if we denote H'(k) := i?o(k) + V with the domain 
D(k), the following estimate holds for all n: 

\Pj{H{k)) fi,(H'ik))\ < Cr,R-\ (5.4) 

Throughout this and the next two sections, we will work with the 
truncated operators H'{k). These sections will be devoted to the con- 
struction of mappings /, g with properties specified in the introduction. 
Let M e N be a fixed number. For each natural j we denote 

e,- := n BijR), Oo := {0}, 6^ := O,- \ {0}; (5.5) 

Let C R'' be a hnear subspace of dimension n and r > 0. We 
say that 5J is an integer r-subspace \l ^ — R{0i, . . . ,dn) and each Oj 

is an integer vector with length smaller than r. The set of all integer 
r-subspaces of dimension n will be denoted by 'V(r, n). We mostly 
will be dealing with V(6Mi?, n); for brevity we will denote V(n) 
V{6MR,n). If ^ e R'^ and QJ e V(n), we denote and vectors 
such that 

€ = ^57 + ^^, ^*ne23, G^^±2J. (5.6) 
If 03 e V(n), we put 0(23) := Qqm n 03, e'(53) := 0(53) \ {0}. By 
p, Qn {n = 1, . . . , d) we denote positive constants smaller than 1/3; the 
precise value of these constants will be specified later; we also denote 
ff and p"^". 
Let 53 e V{n). We denote 

So(Q3) := e A, \^^\ < L„}, (5.7) 

Si(53) := (So(Q3)+53)nyi, (5.8) 

S2(53) := Si(Q3) \ {Ui^n+i U2n6V(m):ajc2nSi(2IJ)), (5.9) 

S3(Q3):=S2(Q3) + S(53,K), (5.10) 
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and finally, 

:=S3(5J) + eM. (5.11) 

These objects (especially ^3(53) and H(Q3)) play a crucial role in 
what follows; the pictures of them are shown in Figures [T]|l] in the case 
d = 2 (here, the integer subspaces 23 are 1-dimensional, so 23 = R{0) 
with e 6'; we have called Ej{e) := Ej{R{e))). 




Figure 1. The set So(^) in the 2-dimensional case 





\ 


/ / + 

/ / e 


\\-,(e) 







Figure 2. The set Si(0) = ^2(0) in the 2-dimensional case 



It may seem that the definition of these objects is overcomplicated; 
for example, one may be tempted to define S3 (23) by Figure [51 This 
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Figure 4. The set in the 2- dimensional case; here, 
= {(0, 0), (±1, 0), (0, ±1)} consists of five elements. 



definition is indeed simpler and it would work in the 2-dimensional 
case; however, if we try to extend this definition to higher dimensions, 
we would find out that lemma 15.121 no longer holds. One more remark 
concerning the definitions of the sets 5 is that it is very difficult to 
make a mental picture of them in high dimensions (even when d = 3). 
A good approach to working with these sets is to do it on a purely 
formal level, without trying to imagine how they look like. 



BETHE-SOMMERFELD CONJECTURE (2.2.2008) 



23 




We also put 

2):=ul=iU2ir6V(^)Hi(2n) (5.12) 

and 

S:=yi\D. (5.13) 

We will often call the set T> the resonance region and the set S the 
non-resonance region. 

Note that the definitions fl5.7p - fl5.lll) make sense for the subspace 
ito := {0} e 'V(O). In particular, we have So(iio) = Si(iio) = A, 
S2(iio) = S3(ilo) = "B, and 

S(ilo) = 3 + GAf . (5.14) 

Let us now formulate several properties of the sets Sj. In what 
follows, we always assume that p and R are sufficiently large. We also 
assume that L„ = p"^" with g^+i > g„ + 3p for all n, qa < 1/3, and 
K = pP with gi > 3p > 0. We also put go = so that Lq = 1. From 
now on, we fix the values p and g„ satisfying these conditions; say, we 
put 

qn = Snp, p = {9d)~^. (5.15) 

Finally, we assume that M > 2 and that > R"^^, where (3 is the 
maximal possible value the exponent a{n,m,l) from lemma 14.101 can 
attain. 



Lemma 5.1. So(M'^) = 0. 
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Proof. This statement is obvious since if QJ = M'^, then for each ^ we 
have ^ = ^(jj; therefore one cannot have a point ^ E A with l^^jl < 
Ld < P^'^. □ 

Lemma 5.2. Lei 23 G V(n), Q < n < d, and i e Si (23). T/ien 

Proof. The condition ^ G Si (23) means that ^ G ^1 and there exists 
^' G A, l^'^jl < L„ such that ^ — ^' G 23. These conditions imply 

Now the statement is obvious. □ 
Corollary 5.3. If e S(23), then |^^| < L„. 

Lemma 5.4. Suppose, 23i G V(ni) and 232 ^ '^^(^2) '^'^e iwo subspaces 
such that neither of them is contained in the other one. Let G 
22(23,). Then l^i-^al >^i- 

Proof. The conditions of lemma imply K^^O^jJ <^ Ln., j = 1,2. Let 
233 = 23i + 232, il = 23i n 232, dimil = /. Then W is an integer 6MR- 
subspace, say 223 G V(m). Also, conditions of lemma imply that W 7^ 
23j, so m > Uj. Suppose, the statement of lemma does not hold, i.e. 
1^1 - I2I < Li . Then |(^i -^2)272 1 < ^1 and thus |(^i)<5j2l < ^na- By 
corollary STU the angle between F23i and F232 is at least ^'^^-"("i.^a.O. 
Since the projections of ^1 onto 23i and 232 are smaller than and 
2L„2 respectively, it is a simple geometry to deduce that |(^i)2it| ^ 
(L„^ + L„2)i?°*^"'i'"2''\ Due to the conditions stated before lemma [F!T| 
this implies |(^i)2ij| < Lm- Therefore, ^1 G Si(2IJ). Now definition 
(15.91) implies that ^1 E!2(23i), which contradicts our assumptions. 
Thus, 1^1-^2! >^i- □ 

Corollary 5.5. Suppose, 23i G V{ni) and 232 ^ '^^(^2) ore two sub- 
spaces such that neither of them is contained in the other one. Let 
G S(2J,). Then 1^1-^2! >^i- 

Lemma 5.6. Let^ e V{n) and $, G ^3(23). Then \ \F^\'^ - < KLn 
and ||F|^|2-p2| 

Proof. The assumption of lemma imply that there exists rj G ^2(23) 
such that ^ — 77 G 23 and |^ — t?] < K. Lemma 15.21 implies l^frjl <^ 
Ln, and thus ||F^|2 - \Fr}\'^\ = HF^^jp - \Fr]^\'^\ < KLn- The first 
statement now follows from the fact that 77 G ^1. Now we compute: 

p' - iF^^p = |F^ p + 0{KLn) - = m^\' + 0{KLn) = 0{Ll) 

by corollary 15.31 □ 
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Factorizing the LHS's of the estimates from this lemma, we immedi- 
ately obtain the following 

Corollary 5.7. Let 2J G V{n) and ^ G Then ||F^| - p| < 

pP+qn-i and ||F|^| - p| < p2g„-i^ 

Lemma 5.8. Lei 2J G V(r2) and ^ G S3(23). Suppose, for some r] E A 
we have ^ — ry G 5J. T/ien rj G S2(23). 

Proof. Definition (15.81) implies that rj G Si(5J). Therefore, in order to 
prove our lemma, we need to show that for any 211 G V(m) (m > n), 
23 C W, we have 77 ^ Hi (211). Suppose, this is not the case and 
T] G Hi(2n). Then the fact that ^ G 23(03) means that there exists a 
vector I G 22(53) with ^-^ G 53. But then 77-^ G 23 C 233. Therefore, 
^ G Hi(2n). This contradicts the assumption ^ G S2(23). The lemma 
is proved. □ 

Lemma 5.9. Let 23 G V(?2) and ^ G S3(23). Suppose, for some 77 G 23 
we /iai)e a := ^ + rj ^ H3(23). T/ien ||Fa|^ - > /T^. 

Proof. Let a be the point which satisfies the following conditions: a — 
CK G 23, a G ^, and the vector ck^j is a non-negative multiple of a^j (a 
simple geometrical argument shows that such a point always exists). 
Then lemma [5l8] implies that ck G ^2(23). Therefore, since a ^ ^3(23), 
we have HFck^jI — |FaQj|| = jFa^j — Fck^jI ^ K. Moreover, 

llFcKp - iFapl = ||FcK5jp - |Fck5jH 

= ||FaQj| - IFck^jII IIFckqjI + IFck^jII > (|Farr,| - IFck^jI)^ > K"^. 
This finishes the proof, since 

Lemma 5.10. Let 23 G V(n) and $, G ^3(23). Suppose, G 0'^^, 
^ 23. Denote r) .= ^ + 6. Then ||FT7p - p^j > fsT^^^^ 

Proof. Let 211 be the linear span of 23 and 0, and let il := R{6) be the 
one-dimensional subspace. 

Assume first that l^j^l < K^Ln- Then, since < L„, the ge- 
ometrical argument similar to the one used in the proof of lemma 
15.41 implies that l^jul < -^n+i/2 (recall that the assumption we have 
made on the exponents p and g„ imply that Ln+i > K^Ln). Since 
$, G S3 (23), there exists a vector ^ G ^2(23), |^ — ^| < K. Therefore, 
l^2ul < \^w\ + \il - < which implies ^ G Si(2U). This 

contradicts the condition ^ G 22(23). 

Therefore, we must have l^j^l > K^Ln- This implies 

||F77|2 - |F^n = \\F{i^ + e)\^ - |F^J2| ^2^^^ 
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Now it remains to notice that lemma 15^ implies that ||F^p — ^ 
KLn. This finishes the proof. □ 

Corollary 5.11. Let 23 G V{n) and $, G S3(Q3). Suppose, 6 G Q'^m 
and T] = ^ + e ^E^i^). Then ||Fr7|2-p2| ^ K\ 



Proof. If G 23, then the statement follows from lemma I5.9[ and if 
^ 23, the statement follows from lemma IS.lOi □ 

Lemma 5.12. For each two different integer subspaces 23j G V{nj), 
J = 1,2, <nj < d we have (H(23i) + 0i) n (2(232) + ©i) = 0- 



Proof Suppose, | G (H(23i) + Oi) n (S(232) + 61). Then corollary [ES 
imphes that one of the subspaces 23j is inside the other, say 23i C 232- 
Moreover, there exist two points, G S3(23i) and ^2 ^ ^3(^32) such 
that 0, := ^j-^e Qm+i. Then 6> := - ^3 = 6>i - 6>2 G Osm- 

There are two possibilities: either G 232, or 6 ^ 232. 

Assume first that 6 G 232. Since G S3(23j), there exist points G 
S2(23j) such that Ij - G 23^, l^^- - ^^1 < K. But then li - ^2 ^ 232. 
Since ^2 ^ ^2(^32) C Si (232), according to definition (15.81) this means 
that $1 G Si (232). Now definition ( !5l9l) implies |i ^ S2(23i) which 
contradicts our assumption. 

Assume now 6 ^ 232. Then lemma [5.1UI implies 



m^\'-p'\ = \m, + e)\'-p'\:^K'L^,. 



However, this contradicts the inequality ||F^ip — ^ KLn^ which 
was established in lemma 15. 6[ □ 

Corollary 5.13. Each point ^ G ^1 belongs to precisely one of the sets 
S(2J). 

Proof. Indeed, definitions (I5.7I) - (I5.14I) imply that each point $, E A 
belongs to at least one of the sets S(23). The rest follows from lemma 

Km □ 

Let us introduce more notation. Let C C M'^ be a measurable set. 
We denote by V^^^G) the orthogonal projection in 9j = L'^{[0,27iY) 
onto the subspace spanned by the exponentials e^(x), £ G C, {$,} = k. 

Lemma 5.14. For arbitrary set (2 C M'^ and arbitrary k we have: 

v^'y(k)(e) = TM(e + Q^)v'?^^\e) (5.16) 

Proof. This follows from the obvious observation that if^ = m + kGC 
and |n| then l + n G (e + 0i). □ 
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We are going to apply lemma 13.21 and now we will specify what are 
the projections Pj. The construction will be the same for all values of 
quasi-momenta, so often we will skip k from the superscripts. For each 
2J G V{n), n = 0,1,..., c/- 1 we put P(Q3) := T^^) (S(Q3)). We also 
define P,(Q3) := J^'') ((^3(23) + 9,) \ (^3(23) + 0,_i)), j = 1, . . . ,M, 
Po(Qj) = T(k)(H3(QJ)). We also denote Q := I - (E^j^l^?)) (the sum 
is over all integer 6Mi?-subspaces of dimension n = 0,1, . . . ,d — 1). 
Now we apply lemma [3l2] with the set of projections being {P(QJ)}, 
J := [A — 20v, X + 20f], and Ho = Ho(k). Let us check that all the 
conditions of lemma 13.21 are satisfied assuming, as before, that all the 
conditions before lemma 15.11 are fulfilled. Indeed, lemmas 15.121 and 
EH imply that P(Q3i)P(2J2) = and P{^i)VP{^2) = for differ- 
ent subsets Q3i and QJ2 (in particular, Q is also a projection). Prop- 
erties P(2J) = Ejio^iC^)' i^j(23)V^P/(23) = for \j - /| > 1 and 
Pj{^)VQ = for j < M follow from the construction of the projections 
Pj(QJ) and lemma [5. 141 Since A C U(jjH3(QJ), the distance between the 
spectrum of QHqQ and J is greater than 6v. Corollary 15.111 implies 
that the distances between the spectra of Pj(QJ)ifo-Pj(2J), j = 1, . . . ,M 
and J are ^ K^. All these remarks imply that we can apply lemma 
13.21 (or rather corollary 13. 3p and, instead of studying eigenvalues in- 
side J of H'{k), study eigenvalues of H{k) := J2^P{^)H'{k)P{^y, 
the distance between any eigenvalue of i^'(k) lying inside J and the 
corresponding eigenvalue of -ff(k) is ^ p~^^^^. 

To be more precise, we do the following. Assume ^ = n + k G ^. 
Then ^ G H(2J) for some uniquely defined 23 G V{n). In the following 
sections, we will define a mapping g : $, ^ /iT-(^)(P(23)if'(k)P(23)), 
where r = r(^) is a function with values in N. The mapping g 
will be an injection and any eigenvalue of P(23)if'(k)P(23) inside J 
will have a pre-image under g. Then, g{^) is also an eigenvalue of 
E^P(23)i/'(k)P(23) + QH'ik)Q, say 

m = (E ^(^)^'(k)P(23) + QH'{k)Q') . 

Then lemma O implies that |^(^) - p^^(^)(/7'(k))| < p'^^^P. We 
then define /(^) := /i.,(^)(/7(k)) so that |^(|) - /(^)| « p"^*^^. In 
order to construct the mapping g, we compute g (or at least obtain 
an asymptotic formula for it) and then, roughly speaking, throw away 
terms which are sufficiently small for our purposes. 

In the next two sections, we discuss how to obtain an asymptotic 
formula for g when p is large. We will consider separately the case 
^ G S2(ito) = S (recall that IXq = {0} e V(0) and we have called S 



28 



L.PARNOVSKI (2.2.2008) 



the non-resonance region) and the case of $, lying inside the resonance 
region D. We start by looking at the case ^ G S. 



6. Computation of the eigenvalues outside resonance 

LAYERS 

First of all, we notice that lemma 15.101 implies that the operator 
P{iiQ)H'(k)P{iio) splits into the direct sum of operators. Namely, 

P(ilo)i/'(k)P(Ho) = ye^Hl + eM)^^'(k)?«(^ + Qm), (6.1) 

the sum being over all ^ G S with {^} = k. We denote by g{^) 
the eigenvalue of ^^(^ + eM)H'ik)7'-^\$, + Bm) which lies within 
the distance v from |F^p (Lemma 15.101 implies that this eigenvalue is 
unique). Our next task is to compute g{^)- In this section we will 
prove the following lemma: 

Lemma 6.1. Let R < pP'^ ^ 1'^ . Then the following asymptotic formula 
holds: 

+ E E E ^n„...,n.(tGr7i)--...(^,Gr7,)-- ^^'^^ 

r=l T7^,...,T?^ee^,^ niH \-nr>2 

in the sense that for each m G N we have 

m 

-EE E ^n„...,n.(C,Gr7,)-"^..(C,Gr7,)-- 

»'=l T7i,...,T7^e0'^^ 2<niH hnr<m 

= ©(p-^^+^^P). 

(6.3) 

uniformly over R < pP'^ Here, A„,,„ is a polynomial of the 
Fourier coefficients V{r}j) and V{r]j — rji) of the potential. 

Proof. Let us denote 

a{ri) = \F{^ + rj)\'. (6.4) 
The matrix of P{$, + QM)H'(k.)P{$, + Qm) has the following form: 
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/ a(0) 

Vim) 



VM V{rj,) 
Vim - 111) 0(^2) 



\ 



Vim - m) 
Vim - m) 



(6.5) 



The diagonal elements of this matrix equal |F(^ + ry)^ (with 77 run- 
ning over Oa/) and off-diagonal elements are Fourier coefficients of the 
potential (and are thus bounded). Let L be the number of columns of 
this matrix; obviously, L x R^. 

Let us compute the characteristic polynomial p(/i) of (16. 5p . The 
definition of the determinant implies 



1j 

pif^) = ( n -t^)) +Y1 



(6.6) 



m=2 



where Jm consists of products of exactly (L — m) diagonal terms of 
(16.51) and m off-diagonal terms. Put Jm = J'm + ^m-- where (resp. 
J^) consists of all terms, not containing (resp. containing) (a(0) — /i). 
Then we can re-write (16.61) as 



Vii^) 



n i<ri) - /i)) ((a(0) - /x) + /(/x)) , (6.7) 



where J(/i) := Y^^X ^Uf^) + Em=2 ^m(^) with 



J' 



and 



T" 



We can easily compute the first several terms: 



(6.8) 
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(6.9) 



(6.10) 



^ 2^{V{rj)V{rj-rj')V{iT)) 
\.'k.^, K^)-/^)(«(^')-/^) ' 

Overall, Im is the sum of 0{R'^^) terms of the form 

W^(77i,...,r7„) 
(a(r7i) -/i)...(a(r7„) -/i)' 

and /„, is the sum of 0{R'^^) terms of the form 

(a(O)-/.) . , ^. (6.11) 

(a(r7i) - /i) . . . (a(77„) - /i) 

Here, Wm{ili, • • • , ''Vn) and Wm(f7i, • • • ; Vn) ^'^^ some polynomials of 
V^T]^) and 1/(r/^. -t7;). 

On the interval [a(0) — f , a(0) + u] the equation p(/i) = has a 
unique solution, which we have called g{^)'-, this is the solution of the 
equation a(0) — /i + /(/i) = 0. After denoting F(/i) := a(0) + /(/i), 
this equation becomes equivalent to /i = -F(/i). Throughout the rest 
of the section we will assume that /i G [a(0) — f,a(0) + f]. Then, 
since ^ G S, lemma 15.101 guarantees that |a(T7) — a(0)| ^ p^^ for 
T7 G e^,^. This implies 4(/x) = 0(i?'^"p-2"P) = 0(p-"P); similarly, 
/„(yu) = 0(p^"^). Computing the derivatives, we see that ^/„(/i) and 
-j^In^jj) are 0(p^'"^) as well. Slightly more careful analysis shows that 
in fact h = 0{R'^p-^P) = 0{p~^P) and = 0{R'^p-^P) = 0{p~^P). 
Indeed, we have: 



hip) = -Yl 

1 



2 t:;^ a[r))~p a{-r))-p 



(6.12) 



2^,7^ (a(^) -/^)(o(-^) -m) 

V- iT>^^M2^ a(0) + |FTyp-/i 

and it remains to notice that Xlrjee', bounded by the square 

of the L2-norm of V. These estimates show that when R < pf"^ 
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we have /(/i) = 0{p-^P) and = ^/(/i) = 0{p~^P). We will 

find A(^) using a sequence of approximations. We define a sequence 
Pk in the following way: po = a(0), pk+i = F{pk) = a{0) + I{pk)- 
Since l/ife+i - ^(^)| = \F{pk) - Fm))\ = W - m\0{p~^n and 
9{i)\ = 0(1), we have: 

W~m\=0{p~"'n- (6.13) 

Therefore, we will prove the lemma if we show that for all A; > 1 the 
approximation pk enjoys the same asymptotic behaviour (\Q.2\\ . at least 
up to an error 0{p~^P). This computation is straightforward. For 
example, we have 



/ii = + /i(iF^r) + hm?) + /2(iF^n + o{p 



and, using (16.121) . we obtain: 
Ji(a(0)) = - Yl 



|F77| 



a(r7) -a(0))(a(-r7) -a(0))- 



E 
E 
E 
E 
E 



V{ri)\ 





F77 


2 


(2(FeFr7) + 


Fr7|2)(2(F^,Fr7)- 


Fry 


^) 





Fr7 


2 


4(F|,Fr7)2 




Fr7|'* 



2, 4-i|Fr7p(F^,Fr7)-2 



1 -4-i|Fr/|4(F^,Fr7)-2' 

oo 

nr7)r$^4-"|Fr7|^"-2(FtFr7)- 



2ti 



n=l 

oo 



\/(r7)P5^4-"|Fr7r"-2(^,Gr7)- 



2n 



n=l 



(6.14) 



Computations of J2(a(0)) are similar (and, obviously, /2(a(0)) = 0), 
only now the result will have terms which involve inner products of 
with two different 77's. Thus, 

p, = m'+ E E^"i'-^(^'G^i)""'(^'G^2)-"^+o(p-^^), 

(6.15) 

the sum being over all ni, n2 with ni + n2 > 2 (in fact, we can take 
the sum over Ui + n2 = 2, since other terms will be 0(p~^^)). Using 
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induction, it is easy to prove now that 

k+1 

+ E E E ^nl,...,n.(^,Gry,)-"^..(tGr/,)-"^ (6.16) 

r=l rj-^,...,r]^eB'nj ni,...,nr 

the sum being over 2 < X]j=i'^i ^ k + 1; , is a polynomial 

of {Viilj)} and {V{r]j — r}i)}. Indeed, if fik satisfies (16.161) . then a 
calculation similar to (16.141) shows that for each 77 G 0'^^ the fraction 
a{rf)-nk '^^'^ decomposed as a sum of products of negative powers 
of {^,Gr}j). Therefore, all functions InifJ-k) (and, thus, I{^k)) ad- 
mit similar decomposition. This implies that the next approximation 
/Xfc+i = |F^p + I{fik) also satisfies (16.161) . 

Estimate (I6.13P now shows that the asymptotic formula (16. 3p holds. 

□ 

We now define g{^) as the finite part of the RHS of the expansion 
(16.21) . namely 

4M 

+ E E E ^n„....n.(^,Gr7i)--...(^,G77,)--. 

r=l T7i,...,77^g0'^^ ni-\ \-nr>2 

(6.17) 

Lemma 6.2. We have: 

m)-m\<^p-''"'- (6.18) 

Proof. This follows from lemma 16. 1[ □ 
7. Computation of the eigenvalues inside resonance 

LAYERS 

Now let us fix 5J G V(n), 1 < n < d — 1, and try to study the 
eigenvalues of P(Q3)i/'(k)P(Q3). Let ^ = n + k G 23(03). We denote 

= T,(^) := ((^ + (03 n Z^)) n 2,(23)) , j = 0, 1, 2, 3, (7.1) 



T = T(0 := T3(^) + Qm, (7.2) 

P(0 (7.3) 

H'{^) := P(Oif'(k)P(0, (7.4) 

Ho{^) := P(Oi^o(k)P(0, (7.5) 
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and 

Vl:=P{^)V'P{^). (7.6) 
Out of all sets denoted by the letter T, we will mostly use T3(^) and 




Figure 6. The sets 23(6!) and T3(^) 




Figure 7. The sets 23(6) and T(^); here, 9 = 
{(0, 0), (±1, 0), (0, ±1)} consists of five elements. 



T(^); see Figures IMZ] for an illustration of these sets when d = 2. Let 
us establish some simple properties of these sets. 
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Lemma 7.1. Suppose, 77 G T(|) \ T3(^). Then HFryp - A| > (m 

particular, t) ^ A). 

Proof. The assumptions of the lemma imply that 77 = ^ + with 
^ G T3(^) and G Qm- If ^ ^ QJ, the statement follows from lemma 
15.101 Assume G 2J. Then 77 ^ S3(QJ) (otherwise we had 77 G T3(^)). 
Now the statement follows from lemma I5.9[ □ 

Lemma 7.2. We have C ^3(23) anti T(^) C S(23). // 77 G 

T(^), then 77 — ^ G Z'^. ///or some ^1,^2 ^ ^sl^) '"^e /iai'e fl 
T(^2)^0, i/^enT(|i) = T(0. 

Proof. The first three statements follow immediately from the defini- 
tions. ^Assume T(^J n T(^2) ^ 0^ say 77 G T(U n T(^2)- Then 
rj = Ij + Oj, j = 1,2, with 1^- G S3(23) and Oj G Gm- Then 
^1 = ^2 + (^2 — ^i)- Since 62 — 61 E Q2M, lemmas [5.101 and 15.61 imply 
that 02-Oi G «U. Therefore, ^3-^1 e (^JnZ'^), so T(^i) = T(|2)- □ 

Lemma [7^ implies that the operator P(23)/J'(k)P(Q3) splits into the 
direct sum: 

P(5J)i/'(k)P(5J) = 0i/'(O, (7.7) 

the sum being over all classes of equivalence of ^ G ^3(53) with {^} = k. 
Two vectors $,1 and ^2 equivalent if T(^^) = T(^2)- 

Remark 7.3. The programme formulated at the end of section 5 re- 
quires to put into correspondence to each point ^ G S3 (53) a number 
g{^) which is an eigenvalue of P(93)i7'(k)P(Q3). It is natural to choose 
g{$,) to be an eigenvalue of H'{^), say g{^) = fij{H'{^)), where j = j(^) 
is some natural number, and the mapping j : T(^) — ^ N is (at least) 
an injection. There are certain technical problems with defining the 
function j. The first problem is that the sets T(^]^) and T(^2) can 
have different number of elements for different ^1,^2 ^ S3 (53) (as Fig- 
ure [8] illustrates) , and the mapping j obviously has to take care of this 
fact. The second problem is that the mapping j cannot possibly be 
continuous (otherwise, since it takes only natural values, it would be 
constant and therefore not an injection), so g as well cannot be contin- 
uous. Finally, we want g{$,) not to change too much when we change $, 
a little. We cannot exactly achieve this (since, as we mentioned above, 
g must be discontinuous), but we can achieve some weaker version of 
this (see lemma [7.111 for the precise statement). 

Hence, we will study operators -ff'(k) for each ^ = m + k G S(23) 
with {^} = k. Recall that we have denoted by and vectors such 
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Figure 8. The sets T3(^J (dots) and T3(^2) (crosses) 
have different number of elements 



that ^ = ^(jj + G 5J, G^(jj ± 5J. Let us also define 

r = r(0 := iF^iU'^ := li/r, (7.8) 

so that iF^'sjjl = 1. We can think of the triple (?", ^^j, ^qj) as the cylin- 
drical coordinates on S(5J). Corollary 15.31 implies that <^ p''"; 
corollary 15.71 implies 

|r-p| =0(p2'2"-i) = 0(p-i/3), (7.9) 

since g„ < 1/3; in particular, we have r > 0. The current objective is 
to express the asymptotic behaviour of eigenvalues of H'{^) inside J in 
terms of r. In order to do this, we want to compare the eigenvalues of 
H'{^i) and H'{$^2) when ^1,^2 ^ 2(03) are two points which are close 
to each other. Since the operators H'{^i) and H'{^2) ^ct in different 
Hilbert spaces P{$,j)S), we first need to map these Hilbert spaces onto 
each other. A natural idea is to employ the mapping F^_^^^,^ : P{^{)Sj 
P{^2)^ defined in the following way: 

This mapping is 'almost' an isometry, except for the fact that it is not 
well-defined, i.e. it could happen for example that rj e T(^^), but 
+ ^2 ~ Ci) ^ "^{^2) (Figure [8] illustrates how this can happen). In 
order to avoid this, we will extend the sets T(^). We do this in the 



(7.11) 

(7.12) 

(7.13) 
(7.14) 







e 




k 










It 



Figure 9. Now the sets T3(^i; ^2) = ^^3(^1) (dots) and 
T3(^2; ^i) (stars) have the same number of elements 
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following way. First, for ^1,^2 ^ S2(^) we define 

T(^i;^2) :=T(^i)u(T(^2)-^2 + 

and, similarly, 

T3(li;^2) := T3(^i)U(T3(|2)-^2 + ^l) 

(the set T3(^2; ^i) is shown on Figure (HI). We also define 
where ki := {^1}; 

^'(^i;^2):=m;0^'(^i)^(^i;^2), 

and 



Suppose also that ^ G S2(23) and let U C ^2(53) be a set containing 
^ of diameter -C Denote 

T(^;f/):=U^,f;T(^;77), (7.15) 

T3(|;f/) :=U^ef7T3(^;r7), 

P(^;f/) = y(^)(T(^;f/)), 

i^'(l; f/) := i^(^; U)H'{^)P{t, U), (7.16) 

and 

i^od; U) := P(^; U)Hoi$)P{^; U). (7.17) 



BETHE-SOMMERFELD CONJECTURE (2.2.2008) 



37 



Notice that r{^,- = r{^,; ^,}). 

Now if we define the mapping -F^^,^^ • ^ Pi^2'^^i)^ 

formula (I7.10p . this mapping will be a bijection and an isometry, since 
obviously 

Similarly, if U is any set containing and $,2, then the mapping F^^-jj : 
P{^i; U)9) Pi$,2: U)S^ defined by fl7.10p will be a bijection and an 
isometry, since 

f/) = T(|i;f/) + 12-^1- 
Note also that if 77 e T(^; U), then ■q-^eZ'^. 

The problem, of course, is that in general the spectra of H'{$,i) and 
H'{^i;$,2) (or H'{^^;U)) can be quite far from each other. However, 
we can give sufficient conditions which guarantee that the spectra of 
H'{^i) and H'{^i; ^2) (or rather the parts of the spectra lying inside J) 
are within a small distance (of order 0(p~^*^^)) from each other. The 
following statement is a straightforward corollary of lemma 13. 2[ 

Lemma 7.4. a) Let ^1,^2 ^ S2(^) C A satisfy — ^2! < P^^ ■ Then 
there exists a bijection G = G^_^^^^ defined on a subset of the set of all 
eigenvalues of H'{$,i) and mapping them to a subset of the set of all 
eigenvalues of H'{^i; ^2) (eigenvalues in both sets are counted including 
multiplicities) satisfying the following properties: 

(i) all eigenvalues of H'{$,^) (resp. H'{$,i',^2)) inside J are in the 
domain (resp. range) ofG^^^^^; 

(a) for any eigenvalue fij{H'{$,i)) G J (and thus in the domain of 
^^1,^2) have: 

MHUi)) - G{f.,{H'{^,)))\ « p-'^^. (7.18) 

b) Suppose $, & U C ^2(23) and the diameter of U is <ti ■ Then 
there exists a bijection G = G^^u defined on a subset of the set of all 
eigenvalues of H'{$,) and mapping them to a subset of the set of all 
eigenvalues of H'{^; U) (eigenvalues in both sets are counted including 
multiplicities) satisfying the following properties: 

(i) all eigenvalues of H'{$,) (resp. H'{^;U)) inside J are in the 
domain (resp. range) ofG^^u; 

(a) for any eigenvalue fj,j{H'{^)) G J (and thus in the domain of 
G^,u) we have: 

l^^AH'm - G{f,,{H'm\ « P-'""'- (7.19) 

Proof. Let us prove part a) of this lemma; part b) is proved analogously. 
Suppose, ^ G (f (^]^; ^2) Let us prove that then 

l|F^r -P^l > (7.20) 
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Indeed, we obviously have ^ := ^ + ^2 ~ ^ '^{^2) *^ S(5J). Then 
definitions flSTTOD . flSHD . ([71]) and (D imply that ^ = fj + Si+ 0, 
T] e (S2(QJ) n + 23)), a G B{^,K), 6 G 6*/. If 6> ^ 5J, ([7;20D 
follows from lemma 15.101 and the inequality 

iiF^r- iF^ri < 1, 

which in turn follows from the conditions of lemma. Suppose G 23. 
Then ^ — ^1 = sl + 6 + {r} — ^2) ^ 23 and, since ^ ^ ^(^1)5 we have 
$, ^ T3(^^), which in turn implies $, S3 (03). Now (17.201) follows from 
lemma 15.91 

Inequality ( 17.201) shows that as before we can apply lemma 13. 2[ or 
rather its corollary 13. 3[ This time, we apply this lemma with H = 

^'(^i; ^2), Ho = ifo(^i; ^2), = 0, P' = P(^i), Q = ^2)-^(^i), 

PS = y^'-^Kr^m, Pm ■= ^(^i;^2)y("^n(T^3(^i)+e,)\(T3(^,)+ 

6j_i))P(^]^; ^2)) j = 1,...,M. The fulfillment of all conditions of 
lemma 13.21 follows from ( 17.201) and lemma 15.141 Now the statement of 
lemma immediately follows from corollary 13. 3[ □ 

Remark 7.5. Part (iii) of corollary 13.31 shows that the bijection G^^^^^ 
is given by the following formula. Let / = /(Ci,^2) be the number of 
points 

77Gm;^2)\T(|i) (7.21) 
with |FT7p < A (notice that if 77 satisfies ( 17.211) . then |Fr7| ^ J). Then 

G^^,MH'{^i))) = /i,+/(i^'(€i;l2)))- Similarly, if / = l{tU) is the 
number of points 

r;G T(|;f/)\T(|) (7.22) 
with |Ft7|2 < A, then G^,uMH'{m = f^MH'i^; U))). 

The next lemma shows that the eigenvalues of H'{^] U) do not change 
much if we increase U; this lemma is an immediate corollary of lemma 
El 

Lemma 7.6. Let $, E Ui G U2 C ^2(23) and let the diameter of U2 he 
^ p^^ . Denote by I = /(^; Ui, U2) the number of points 

r7G Y(|;f/2)\T(|;f/i) (7.23) 

with IF77P < A. Then: 

a) for any eigenvalue fij{H'{^; Ui)) E J we have: 

|/i,(i/'(C; U,)) - fxMH'ie, U2))\ « p-''''; (7.24) 

b) the number /(^;f/i,f/2) does not depend on ^, i.e. if ^1,^2 ^ ^i? 
thenl{^,-Ui,U2) = K^2;UuU2). 
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Proof. Part a) of lemma follows from lemma 17.41 and remark I7.5[ since 
/(^; Ui, U2) = h — h, Ij '■= ^(^; Uj), and we have 

\^^,{H'{i)) - ^^,^l,{H\i■ U,))\ « p-^*^^ 3 = 1, 2. (7.25) 

Let us prove part b). Suppose, 77^ G T(^^; f/2)\f (^i! f^i)- Then, in the 
same way as we have proved (I7.20p . we can show that | iFr;^ A| ^ K^. 
Denote 772 := r^i + (^2 " ^i)- The definitions of the sets T imply 
that G T(^2; ^2) \ f (^2;^i)- Since |^2 ~ ^il ^ P"^; have 
||F'r72p — |Ft7iP| ^ 1. Therefore, the inequality |Fr7;^p < A is satisfied 
if and only if the inequality IFT72P < A is satisfied. This proves that 

As we have already mentioned, if ^, 77 G U, we have T(t7; U) = 
T(^; [/) + (77 — $,), which implies that the mapping F^ ^j '■ P{^] U)S) — >• 
P{r}; U)S) defined by f l7.10p is an isometry. Thus, by considering the 
sets T(^; U) instead of T(^) we have overcome the first difficulty men- 
tioned in remark 17.31 Now we will try to face the other problems 
mentioned there. 

Let = 0, 77^, . . . , be the complete system of representatives of 
©M modulo 5J (we assume of course that r^j G Oa/)- That means that 
each vector G Om has a unique representation = 77^ + a, a G 23. 
Denote *j = *j(C) := + 77^. + (03 H Z^)) n T(^). Then 

T(0 = U*.' (7-26) 



and this is a disjoint union (on Figure [TJ the set ^0 is the middle 
column of dots, and ^'i and ^'2 are the left and right columns). 

Let us compute diagonal elements of H'{^). Let 77 G T(^). Then 77 
can be uniquely decomposed as 

r) = ^ + t^ + r)j (7.27) 

with /X G 23 n Z"^. Recall that H'{^) = Ho{^) + and i/o(l)er, = 
|F77per, whenever 77 G T(^). Since F^^ ± F/x and F^^ ± F^sj, we 
have: 



(7.28) 



|F77|2 = |F(^ + 77^. + M)r = \FH'^ + + V, + M)r 
= r^ + 2{n'^, F77^.)r + |F((| + r)^)^ + 

This simple computation implies that 

H'{$) = r^I + rA + B. (7.29) 
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Here, A = A{i) = A{i^,$:^,r) and B = B{i) = B{^^,^'^,r) are 
self-adjoint operators acting in in the following way: 

in other words, 

Aerj = 2(F^'^, Fr7^.)e^ = 2{F^'^, F{ri - |))e^, (7.30) 

and 

Ber, = |F((^ + rj^)^ + + V^'e^ = (iFry^l^ + V^)erj (7.31) 

for all 77 G with rjj and being defined by (17.271) . These defini- 

tions imply that ker A = ^('^^(^'o)-^- Notice that 

P(OI|«i?<//' (7.32) 

and 

mm Li < p'/' (7.33) 

due to our assumptions made before lemma 15. Ij see also corollary 15.31 
The dependence of the operator pencil H' = r'^I+rA + B on r is two- 
fold: together with the obvious quadratic dependence, the coefficients 
A and B depend on r as well. However, as we will show in lemma [7771 
the second type of dependence is rather weak. Put 

D{^) :=r(0A(^) + 5(^). 

By {^'j(^)} we denote the eigenvalues of -D(^). Then according to (17.291) 
the eigenvalues of H'{^) are equal to 

^A^)=r\^) + uM)- (7-34) 

If ^1,^2 ^ '='3(^)) then we can define the operator ^(^i;^2) the 
operator defined by (I7.30p with the domain P(^i; ^2)-^- Similarly, if U 
is a set containing ^ of diameter <^ p^^, then we define the operator 
A{^] U) as the operator defined by (I7.30p with the domain P(^; U)S). 
In the same way, we can define -B(^i; ^2)5 -^(^5 U) (they are defined by 
means of i^M). D{^i, ^2) = ^2) + B{^,; ^,), and D{^; U). 

We also denote by ^2) the eigenvalues of -D(^i; ^2) by 

the eigenvalues of H' {$,1, $,2)] ^ji^'iU) and \j{$,;U) are defined analo- 
gously. 

Let us now study how the eigenvalues change under the change of r. 
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Lemma 7.7. Let ^ G S3(5J), r = r(^). Lei U be a set of diameter 
^ p^-*^ containing Let t be a real number with \t — r\ <^ p^^ and a = 
a(t) G S2(23) 6e a unique point satisfying (a)^; = (a)'(jj = (^)'frj, 

and r(a) = t (thus, when we vary t, the path a(t) is a straight interval 
which goes along the F -perpendicular dropped from the point $, onto 
2Jj. Suppose, a E U. Let Vjit) (resp. Xj(t)) denote the eigenvalues of 
D{a{t);U) (resp. H'{a{t);U)). Then 



dt 

and 



= 0{p'") (7.35) 
2t + 0{p^'^) (7.36) 



d^^jif) _ , 1/3 



dt 

Proof. Let ti, ^2 be real numbers satisfying \tj — r| ^ p^^ and ai = 
a(ti), a2 = a(t2) be the corresponding points inside ^3(23) flf/. First of 
all, we notice that the mapping -Fai,a2 defined by (17.101) is an isometry 
which maps P(ai;[/)^ onto P{a2'iU)S^. Moreover, the definitions of 
the operators A and B imply that 

A(ai; U) = Fa2,ai^(a2; U)F^^^^^; 

similarly, 

5(ai;f/) = Fa„ai5(a2;f/)Fa„a,. 
These unitary equivalencies show that the eigenvalues I'jit) are in fact 
the eigenvalues of the linear operator pencil tA+B, with A and B being 
any of the operators A (a; U) and -B(a; U) with a satisfying (a)5j = (^)qj 
and (a)'<jj = (^)'2j; it does not matter which particular point a we have 
chosen, since all corresponding operators are unitarily equivalent. For 
example, we can choose A = A{$,;U) and B = B{^;U). Now an 
elementary perturbation theory shows that 

~dt 

where Uj is the eigenvector of D corresponding to the eigenvalue Vj. The 
estimate (I7.32p shows that duj/dt = 0{p^^^). This proves (I7.35p . The 
estimate (17.361) follows from this and the identity \j(t) = t'^ + Ujit). □ 

Using similar perturbative argument, we can study how the eigen- 
values change when we change the other variables, namely, and 

Lemma 7.8. Let ^ G ^3(23), and let a G S3 (23) be the point satisfying 
r(a) = r(^), |a — ^| ^ p^^ . Suppose, ^,a G f/. Then 

|A,(a; U) - U)\ = |z/,(a; U) - z/,(^; U)\ « |a - ^\p'/'. (7.38) 



' - {Au„u,), (7.37) 
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Proof. Formula (17.340 and the condition r(a) = r(^) imply that Aj(a; U)- 
Xj{^] U) = z/j(a; U) - Uj{^] U). Moreover, definitions and fl7:MD 

imply that 

\\A{^- U) - Fa,^A(a; f/)Fea|| « |^'^ - a'^jji? « |a - ^\p-'/' (7.39) 
and 

\\B{t, U) - Fea5(a; « - a^|(|^^| + L„) « |a - i\p'/\ 

(7.40) 

Indeed, let us check for example (17.391) . Suppose, t] E T (say, rj G ^'j). 
Then we have: 

A(^;f/)e^ = 2(F^^,F77^.)e^ 

and 

F,,^AF^,ae^ = 2(Fa'5j,Fr7.)e^. 

Since 
and 

\r]j\ < i?, 

we have (I7.39p . The estimate (17.401) can be proved analogously. 
Therefore, since r(^) ~ p, we have 

\\D{^; U) - F^^^D{a; U)F^^^\\ « |a - ^\p'/^. 

Since the spectra of -D(a; U) and F^ a-D(a; U)Fa^^ coinside, this implies 

WM^U)-u^{a- U)\ « |a-||//3, 

which finishes the proof. □ 

Let us summarize the information about the spectra of H'{^) we have 
obtained so far. Recall that Ai is a slightly 'slimmed down' version of 
A; it consists of all points $, with |F^p G J. 

Lemma 7.9. Lei ^1,^2 ^ U C ^2(53) fl /li with the diameter of U 
being p^^. Assume that pj{H'{$^^\U)) G J. Then 

\p,{H\i,- U)) - p,{H\i,- U))\ « p\i, ~ + p-'^^. 

If we assume, moreover, that (^i)(rr = (^2)5? '^'^'^ (^i)<rt = (^2)57' ^^^'^ 

P.(^'(^i; U))-p,{H'{^,; U)) = {2p+0{p'/')){r{i,)~r{i,))+0{p-'''n- 

Finally, if (^1)21 = (^2)2?? (^i)ca = (^2)50' ^'^^ ^ contains the interval 
I joining and ^2? i/^en 

^Ji^{H\^,■ U)) - p,{H\i,- U)) = (2p + 0(pV3))(r(^,) - r{^,)). 
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Proof. The last statement follows directly from lemma 17.71 Assume 
now that (^J^j = (^2)^0 and {^1)'^ = {^2)'^- Denote Ui := U, U2 : = 
U U I, where / is the interval joining and and / = Ui, U2) = 
/(^2)^i)^2) (the last equality follows from lemma [7l6|) . Then lemma 
17.61 implies that 

f/i)) - f^MH'i^m-, U2))\ « P^'*'^ m = 1, 2. 

Now the statement follows from lemma 17.71 If r(^]^) = r{^2)^ the 
statement follows in a similar way from lemmas 17.61 and 17.81 In the 
general case, we join and ^2 by a path consisting of intervals falling 
into either of the two cases above. □ 

Now we will 'globalize' the local mappings constructed so far, in 
other words, we will define the function j : T(^) — N mentioned in 
the remark [T!3l Let ^ G S(5J) and {^} = k. Then the set of eigenvalues 
{/ij(i^o(^))} of the unperturbed operator -f^o(^) coincides with the set 
{|Ft/P, r] e T(|)}. Let us label all numbers {|Fr7p, 77 e T(|)} in 
the increasing order; if there are two different vectors 17, r) G T(^) 
with |Fr7p = |Ft)P, we label them in the lexicographic order of their 
coordinates (i.e. we put t) before f) if either r/i < fji, or rji = fji 
and ri2 < fi2, etc.) Then to each point rj G T(^) we have put into 
correspondence a natural number j = such that 

|Fr7p = ^,(iJ^(0). (7.41) 

Next we define 

~g{r^) :=/x,(^)(iJ'(0). 
This mapping is well-defined and satisfies the following obvious prop- 
erty: 1^(77) — |Fr7p| < V (recall that v = ||K||oo)- 

The problem with the mapping g defined in this way is that we 
cannot apply lemma [7771 to it, since lemma im treats not the eigenvalues 
of H'{$,), but the eigenvalues of H'{$,;U) with the set U containing 
certain intervals perpendicular to 5J. Thus, we need to introduce a 
different definition which takes care of lemma 17771 and at the same time 
is reasonably canonical. 

Let ^ G ^2(23). Denote 

X = X(^) := {77 G H2(53) : ij^ = 77'^, = ^'^}. 

Simple geometry implies that X(^) is an interval of length ^ p^^. 
Similarly to our actions when we were defining g, we notice that the 
set of eigenvalues {fij{HQ{$,; X(^)))} coincides with the set {|Fr7p, rj G 
T(^;X)}. Let us label all numbers {iFryp, 77 g T(^;X)} in the in- 
creasing order; if there are two different vectors t/i, 772 G f (^; X) with 
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|Ft7^P = |F?72p, we label them in the lexicographic order of their coor- 
dinates. Then to the point ^ we have put into correspondence a natural 
number i = such that 

m\' = ^^.m^■,x)). (7.42) 

Next we define g{$,) := X)). This mapping is well-defined 

and satisfies the property \g{$,) — |F^P| < v. 

Lemma 7.10. Let ^ G 22(23) fl Ai. Then the following properties are 
satisfied: 

(^) - mi <^ p~'''' ; 

(a) g{$,) = r"^ + s, where r = r(^) and s = s(^) = s(^5j, r) is a 
function which smoothly depends on r with |^ = 0(p^/^). 

Proof. Let us prove the first statement. First, we notice that the differ- 
ence is equal to the number of points rj G (T(^; X(^))\T(^) 
satisfying |F?7p < A. Now the statement follows from lemma EH and 
remark 17.51 

Let us now prove the second statement. Suppose, G X{^) and 
T] G T(^;X). Then 

%:=^+(^i-^)eT(|i;X). 

Note that (^)ca = (^i)qj and therefore (r7)ca = (^71)23- Let us assume 
that 

|FC| > |Fr7| (7.43) 

and prove that this implies \F$,^\ > |Fr7^|. Indeed, there are two pos- 
sible cases: 

(i) ^ — 77 G 23. Then, since ^1 — t?! = ^ — ^7 G 23, we have: 

m,\'-\Fr1,\' = m^h\'-\Fir^,W 
= \F{^h\^ - |F(r7)a7p = - |Fr7|2 > 

(ii) ^ — 77 ^ 23. Then, in the same way we have proved estimate 
fl7.20p . using lemma [STTOl we can show that \\Fr)\'^ — X\ K'^. But 
since | G ^2(23) C A, we have ||F^p - A| < 1. Thus, frr43|) implies 
A-|Fr7p > K"^. Since \ri^-ri\ = < we have A-|Fr7ip > 

Since G A, this implies |F^]^| > |F77]^|. 
Thus, we have proved that the inequality \F^^\ > \Fr]^\ is equivalent 
to |F^| > |Fr7|. This implies that i{$,i) = i{$,), where i is the function 
defined by (17.421) . Now the second statement of lemma follows from 
lemma 17.71 □ 

This lemma shows that the mapping g behaves in a nice way as a 
function of r. Unfortunately, the dependence on other variables is not 
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quite so nice. In fact, this mapping is not continuous, even modulo 
OIp^^'^^^), because the functions z(^) are not continuous; moreover, a 
httle thought shows that we cannot, in general, define the mapping g to 
have all properties formulated in the introduction and be continuous 
at the same time. Indeed, if the function i = i(^) were continuous, 
it would necessary have been a constant. Thus, the function i has 
discontinuities, and the function g may have discontinuities at the same 
points as i. However, lemmas [7.41 17. 7[ and 17.81 show that for each small 
neighbourhood U in the space of quasi-momenta we can find a family 
of representatives of the functions g which is 'almost' smooth. Namely, 
the following statement holds: 

Lemma 7.11. Let I = [a, b] C 22(23) Ci Ai be a straight interval of 
length L := |b — a| ^ p^^ . Then there exists an integer vector n such 
that \g(h + n) — 5'(a)| <^ Lp + p"^^^*'. Moreover, suppose in addition 
that there exists an integer vector m 7^ such that the interval J + m 
is entirely inside S2(23) fl Ai. Then there exist two different integer 
vectors rii and 112 such that \g(h + rii) — g{si)\ <^ Lp + p-'^^^p and 
\gih + na) - ^(a + m)| < Lp + p-^^'P . 

Proof. Lemmas El and EIO] show that ^(a) = Az(a; /) + 0{p-^^^'") for 
some integer /. Lemma [7.91 now implies that 

|Az(a; /) - \iih- 1)\ « Lp + p-^^^'. (7.44) 

Once again using lemma [7^ we deduce that A;(b; /) = g{'n)+0{p^^^^P) 
for some rj G T(b; /); in particular, we have 77 = b + n for some integer 
vector n. This proves the first statement. 

Let us prove the second statement. Conditions of lemma imply that 
^(a) = Aj (a; I) + 0{p-^^^P) and ^(a+m) = A;(a+m; /+m) + 0(p-4*'^P) 
for some integers j, I. Moreover, if a + m G T(a; /) (so that T(a; /) = 
T(a + m; / + m)), then, since m 7^ we have 

J 7^ I- (7.45) 

Lemma 17.91 now implies that together with fl7.44p we have 

|A;(a + m;/ + m) - A;(b + m;/ + m)| < Lp + p-^^^^. (7.46) 

Once again using lemma [7^ we deduce that Aj(b; /) = (7(^71 )+0(p~'^*^^) 
and Az(b + m; / + m) = g{r]2) + 0{p~^^'^'P) for different points rj^ G 
T(b; /) and G T(b + m; / + m) (the points r)^ and 772 are different 
because of fl7.45p ). In particular, these inclusions imply 77^^ — b G Z'^ 
and 772 — b G m + = 7/. This proves the second statement. □ 

Thus, we have proved the following lemma, which is the main result 
of this section: 
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Lemma 7.12. Let 03 G V{n). Then there are two mappings g,g : 
^2(23) M which satisfy the following properties: 

(i) g{$,) IS an eigenvalue of P(Q3)i7'(k)P(23) with {$,} = k. All 
eigenvalues 0/ P(23)if'(k)P(Q3) inside J are in the image of g. 

(11) Ifi e A,, then 1^(0-^7(^)1 < Cp-^^'P and \g{^) - |F^|2| < 2v. 

(ill) g{i) = r2 + s(^) with r := |F^^| and f = 0{p^/^). 

Proof. The only statement which has not been checked so far is that 
\g{$,) — |F^p| < 2v. This follows immediately from the second state- 
ment of this lemma together with the inequality \g{^) — |F^p| < v and 

Now, we can put together the results of the previous sections 

Theorem 7.13. Suppose, R is sufficiently large, all conditions before 
lemma lSJ] are satisfied, and R < ff^ Then there are two mappings 
f,g:A^M. which satisfy the following properties: 

(i) f{$,) IS an eigenvalue ofH'{k) with {|} = k; |/(^) - jF^H < 2v. 
f is an injection (if we count all eigenvalues with multiplicities) and 
all eigenvalues o/i7'(k) inside J are in the image of f . 

(11) If^e A,, then |/(^) - gm < Cp'^'^P. 

(Hi) We can decompose the domain of g into the disjoint union: 
A = 'BU [jt\ [J^evmR,n) S2(^) . For any ^ e 'B 

2M 

j=l ■ni,...,T)^(ie'^[ 2<ni+---+nj<2M 

(7.47) 

For any ^ G S2(23) 

g{i) = r\i) + s{i), (7.48) 
with r{i) = iFCil, s{i) = s(r,^^,r^), | = 0(pV3). 

Proof. We have described the construction of the mapping / at the end 
of section 5. Mapping g is constructed in sections 6 and 7. □ 

Let us formulate an important property of the mapping g, which is 
a global version of lemma 17.111 

Lemma 7.14. Let I = [a, b] G Ai be a straight interval of length 
L := |b — a| ^ p^^ . Then there exists an integer vector n such that 
\g{h + n) — g{a) \ <^ Lp + p~^*^^+'^. Moreover, suppose in addition that 
there exists an integer vector m 7^ such that the interval I + m is 
entirely inside Ai. Then there exist two different integer vectors ni 
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and n2 such that \g(h + ni) — 5'(a)| <^ Lp + p '^^^p+'^ and \g{h + — 
^(a + m) I < Lp + p-4Mp+d^ 

Proof. Let us parametrise the interval / so that 

a = $,(tmin), b = $,{tmax)- Let US prove the first statement. If the 
interval $,{t) lies entirely inside B, then the statement is obvious since 
the length of the gradient of g inside !B is <^ p, so we can take n = 0. If 
the interval ^{t) lies entirely inside S2(23) for 23 G V{n), the statement 
has been proved in lemma 17.111 Consider the general case. Denote by 
?/j(k) := pj(/J'(k)) the j-th eigenvalue of -ff'(k). Then the definition 
of the mapping / implies that if yj(k) G J, then 

2/,(k) = /(n + k) 

for some integer vector n; the opposite is also true, namely if /(n+k) G 
J, then /(n + k) = yj(k) for some j. Notice also that for each j the 
function i/j is continuous. 

Now let us return to the study of the behaviour of the function 
g{^(t)). Suppose for definiteness that $,(tmin) £ 23. Then, as we men- 
tioned in the beginning of proof, since the gradient of g has length 
< p, we have \g{^(t)) - g{^(t„nn))\ < \^(t) - $(t„nn)\p as soon as ^(t) 
stays inside S. Suppose that ti is the point at which ^(t) crosses the 
boundary of S. Then 

Igmi - 0)) - 9mrmn))\ « - ^{tmin)\p (7.49) 

According to the relationship between the mapping / and functions yj 
stated above, there exists an index j such that /(^(^i — 0)) = yj{{$,(ti — 
0)}) (recall that if ^ = n + k, then we call k = {^} the fractional part 
of ^). Since yj is continuous function, yj{{$,iti — 0)}) = yj{{$(ti + 
0)}). Using the relationship between the mapping / and functions 
yj again, we deduce that there exists an integer vector rii such that 
Vjii^iti + 0))}) = /(^(ti + 0) + ni). Property (ii) of theorem [TH 
implies that /(^(ti - 0)) = g{^{ti - 0)) + 0{p-^^^P) and, similarly, 
fi^ih + 0) + ni) = g{^{ti + 0) + rii) + O(p-^^P). All these estimates 
imply 

gi^t^ + 0) + m) = g{^{t^ - 0)) + 0{p-'''n- (7.50) 
Since $,{ti + 0) + ni G ^li, we have either $,{ti + 0) + rii G S2(2J) or 
^{ti + 0) + 111 G B. Assume the former. Let t2 > ti be the smallest 
value of t at which ^(t) + rii crosses the boundary of S2(2J). Then 
lemma 17.111 implies that thee exists an integer vector 112 such that 

\gm2 - 0) + n2) - gmi + 0) + ni)| « - ^(ti)|p + 0(p-^^^^). 

(7.51) 
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Now repeating the argument we have aheady used at the moment ti, 
we deduce that there exists an integer such that 

+ 0) + ns) = - 0) + n^) + 0(p-^*^^). (7.52) 

Now we repeat the process and increase t beginning from t2 until we 
hit another piece of boundary of some S2(2n) at t = t^, etc. The shift 
of the function g at each of the points tj of hitting the boundary is 
0(p~^^^). The number of such points is -C p*^, since for each fixed 
integer vector m the number of intersections of the interval {${t) + m) 
(t G [tmin, tmax]) with the bouudaries of all sets S2(23) is finite, and the 
number of possible integer vectors m allowed here is ^ p'^ (obviously, 
the length of each of these integer vectors is ^ p). Now formulas 
(rr49|) - fl732|) lead to the desired result. 

The proof of the second statement is similar and can be derived 
from the proof of the first statement in the same way as the proof of 
the second part of lemma 17.111 follows from the proof of the first part 
of that lemma. □ 

Now it remains to extend the above results to the 'full' operator 
H{k). 

Corollary 7.15. For each natural N there exist mappings f,g : A ^ 
which satisfy the following properties: 

(i) f{$) is an eigenvalue of H{k) with {^} = k; |/(^) — |F^p| < 2v. 
f is an injection ( if we count all eigenvalues with multiplicities ) and 
all eigenvalues of H{k) inside J are in the image of f . 

(it) IfieA,,then\f{$,)-g{$,)\<p-^. 

(Hi) We can decompose the domain of g into the disjoint union: 
A = 'BU Utl U276V(n) ^2(21). For any ^ G 3, 

2M 

+ E E H a„...,n,(eGr/,)--...(^,Gr;^.)-"^ 

j=l ■nj^,...,rj^e0'j^j 2<ni + -+nj<2M 

(7.53) 

with M = [{N + d){4p)-^] + 1. For any $, G (^2(51) n^li) 

gm=r' + si^), (7.54) 

With r := si^) = s{r,^^,^'^) and | = 0(//3). 

(iv) Let I = [a, b] G Ai be a straight interval of length L := |b— a| ^ 
p~^. Then there exists an integer vectorn such that \g{h + n) — g{a)\ <^ 
Lp + p~^ ■ Moreover, suppose m 7^ zs a given integer vector such that 
the interval I + m is entirely inside A\. Then there exist two different 
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integer vectors rii and 112 such that |5f(b + ni) — g^a) \ <^ Lp + p ^ and 
|^(b + n2) -^(a + m)| Lp + p'^ . 

Proof. We use theorem 17.131 for the operator H'{k.) with M = [{N + 
d){4:p)-^] + 1. Estimate (El) imphes that \pj{H{k)) - pj{H'{k))\ < 
p~^~\ so that all the required properties are fulfilled. □ 

Remark 7.16. The function / is not necessarily continuous. 

Before we continue with the proof of the Bethe-Sommerfeld conjec- 
ture, let us formulate a theorem which immediately follows from our 
results, just to illustrate their usefulness. Recall that by A^(A) we have 
denoted the integrated density of states of the operator (II. 4p defined 
in (D- 

Theorem 7.17. For each natural n we have the following estimate: 

Proof. We use corollary 17. 151 with N = 2n + 1. Then 

iV(A + A-") - N{X - A-") = vo\{f-\[X - X-\ A + A-"])) 

< vol((7"'([A - 2A-", A + 2A-"])) = 0(A''/2-"-^), 

the last equality being an easy geometric exercise (which will anyway 
be established in the next section). □ 

Remark 7.18. As it was pointed out to the author by Yu.Karpeshina, 
it seems possible that using the results of this paper (including the 
results from the next section) one can prove the following lower bound: 

iV(A + e) - Ar(A) > ^A^-^-^V^, 

uniformly over e < 1 as A — 00 (in particular, e does not have to be 
a negative power of A). We will not prove this estimate in our paper 
though. 

8. Proof of the Bethe-Sommerfeld conjecture 

Throughout this section we keep the notation from the previous sec- 
tion. Without specific mentioning, we always assume that p is suffi- 
ciently large; the precise value of the power will be chosen later. In 
what follows, it will be convenient to consider a slightly slimmed down 
resonance set. Namely, we introduce the set 

S:= {^Gyll:|^^|>p^/^Vi^GV(l)}. 

In other words, B consists of all points ^ G /li the F-projections of 
which to all vectors G Q'qm has F-length larger than p^/^. Obviously, 
S C S. We also denote f) := Ai\ S. 
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Now we will study various properties of mappings / and g. We begin 
with the function g. 

For each positive S < v denote A{S), and T>{6) to be intersec- 

tions of g~^{[p'^ — 5, + 6]) with Ai, S, and D correspondingly. The 
following is a simple geometry: 

Lemma 8.1. The following estimates hold: 

vo\{A{5)) X (8.1) 

vol(S(5)) X (8.2) 

and 

vol(2)(5)) < p(3d-7)/35_ (g_3) 
Proof. Let ^ = r^' G S, |F^'| = 1 Then the definition of g implies that 

(«.4) 

uniformly over Therefore, for each fixed ^' the intersection of 
g^^{[p'^ — 6, p"^ + 6]) with the set {r^', r > 0} is an interval of length 
X 6p~^. Integrating over we obtain (18.21) . Estimate (18. 3p is obtained 
in a similar way, only for ^ G H(5J) we put r := |F^^|. Then the es- 
timate (18^ is still valid. Let r] G 6'^^. Then (El) imphes that the 
set of all points ^ G ^1(5) such that the F-projection of $, onto rj has 
F- length smaller than p^/^ has volume 0(p*-^'^~^^/^5). Since the number 
of elements in 6^^ is 0{R''') = 0(p^/^), we have 

V0l(2)(5)) < p(2^-5+P)/25 < p(3rf"7)/3^^ 

since p < 1/3. Finally, (EI]) is the sum of (ESD and (ESD- □ 

Remark 8.2. Putting 5 = 2A^" in (18. ip . we establish the last equality 
in fl735|) . 

The next estimate is more subtle. 

Lemma 8.3. Let d > 3. Then for large enough p and 6 < p^^ the 

following estimate holds uniformly over a G M'^ with |a| > 1.- 

vol(S(5) n (S(5) + a)) < {6^p'^-^ + dp"^). (8.5) 

If d = 2, similar estimate holds with 5^^"^ + Sp^"^ in the RHS. 

Proof. After making the substitution v = F^, the function g in new 
coordinates will have the form h{u) = \u\'^ + G{u), with 

G{i^) = 0{\iy\-^/^) (8.6) 
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and 

^^<CM-' (8.7) 

for all j = l,...,d, provided v G FS; these estimates follow from 
lemma 16.11 We need to estimate the volume of the set 

X = {i^e (F(S) n (F(S) + F^)),h{u) e [p' -6,p' + 6], 

h{iy -Fsi) e [p^-5,p'' + 5]}. 

Indeed, we have X = F^23(5) fl + a) j , so the volume of X equals 

det F times the volume of the set fl + a). Denote b := Fa. 

First, we will estimate the 2-dimensional area of the intersection of X 
with arbitrary 2-dimensional plane containing the origin and vector b; 
the volume of X then can be obtained using the integration in cylin- 
drical coordinates. So, let QJ be any 2-dimensional plane containing 
the origin and b, and let us estimate the area of Xgj := 23 fl X. Let 
us introduce cartesian coordinates in 23 so that G 23 has coordinates 
(i^i) ^2) with i>i going along b, and z/2 being orthogonal to b. For any 
u G Xsjj estimate (18.61) implies 

h{iy) = ul + ul + 0{p-'/'), 

and so 

26 > \h{u) -h{iy-h)\ = \vl - (|b| - v^f\ + 0(p-i/2). 
This implies that 

Ibl 2|b| , , 

y < z/i < ^ (8.9) 

when p is sufficiently large, and therefore 

> b 8.10 

whenever v G Xjj. Thus, for any fixed t G M, the intersection of the 
line V2 = t with Xqj is an interval of length ^ |b|^^(5. 

Let us cut X(jj into two parts: X^j = X^ U X|j with X^ := {t' G 
Xqj, 11^21 < 2C2p~"'^}, X|j = X5j\ X^, and estimate the volumes of these 
sets (C2 is the constant from (18. 7p ). A simple geometrical argument 
shows that if X^ is nonempty, then |b| ^ p. This, together with the 
remark after (I8.10p . implies that the area of X^ is ^ Now we 

define the 'rotated' set X^ which consists of the points from X which 
belong to X^ for some 23. Computing the volume of this set using 
integration in the cylindrical coordinates, we obtain 

vol(X^) < p-'^b. (8.11) 
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Now consider X|j. Let us decompose X|j = X|j U X|j, where 



{v^'X%:v2> 0} 



and 



'Y-2 



{i/ G X|, : z/2 < 0}. 

Notice that for any v G X^, formula (18. 7p imphes 

dh{y) 



duo 



(8.12) 



Let = {1^1,1^2) be the point in the closure of X|j with the smallest 
value of the first coordinate: i^J < ui for any v = (z/i,z/2) G X|j. 
Analogously, we define to be the point in the closure of X|j with the 
largest first coordinate, the point with the largest second coordinate, 
and the point with the smallest second coordinate (see Figure [10] 
for an illustration). Note that z/* ^ p. 




Figure 10. The set X|j (the area bounded by four arcs) 



Let us prove that 



v\ < 5. 



Indeed, suppose first that 1/3 ^ ^2- Let i^*"' : = 
h is an increasing function of z/2 when V2 > 2C2P" 



(8.13) 

\ 1^2) . Then, since 
we have h{v^^) < 
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< p2 + 5. Therefore, - h{i^^) < 26. Estimate (ISlOll then 

imphes dHU- 

Suppose now that z/g < z/2. Let i^'*" := {y{,vl). Then — b) < 

h{u^ -h)<p^ + 5. Therefore, h{v^'' - b) - h{v'- - b) < 25. Now, dHSD 
and (18JU|) imply (l87[3|) . 

Thus, we have estimated the width of X|j. Let us estimate its hight 
(i.e. v\ — 1^2) ■ Let us assume that z/* > z/j"; otherwise, we use the 
same trick as in the previous paragraph and consider h{- — h) instead 
of h. Let jy''^ := (z/^z/*). Then h{u''^) < h{u^) < +5. Therefore, 
h{v^^) - h{u^) < 26. Now, (Km imphes 



,t\2 f,.b\2 



r4 r4 dh , 

:/ V2dV2<- -7^{v^i,V2)dv2<25. (8.14) 

Jui. Jub CZ/2 



^2 - 4 « 77—^- (8-15) 



Therefore, we have the fohowing estimate for the hight of X^: 

5 

Pl + U°2 

Now, we can estimate the volume of := X\X^ using estimates (18.131) 
and (I8.15p . The cylindrical integration produces the following: 

vol(X2) « -J^MY-^ < 5\v'2Y~^ < 5^p^-\ (8.16) 

Vl + 1^2 

Equations ( 18. lip and ( 18.16^ imply ( 18. 5p . If = 2, we have to notice 
that flHTTD implies z/* - vl < 5^'^ and then use flHTTD and flHTTSD . □ 

As was mentioned already, the function / is not necessarily contin- 
uous. We now give a sufficient condition for its continuity. Recall that 
V is the Loo-norm of the potential V . 

Lemma 8.4. Let ^ G 25(t>) he a point of discontinuity of f . Then there 
is a non-zero vector n G such that 

\9{^ + n)-g{0\<2p-''. (8.17) 

Proof. If ^ = m+k G 2(f) is a point of discontinuity of a bounded func- 
tion /, there exist two sequences {^j} and {^j} which both converge 

to ^, such that the limits A(^) := lim/(^j) and A(^) := lim/(^j) exist 
and are different. Since the points f{$,j) are eigenvalues of H{{$,j}), 
the limit A is an eigenvalue of H{k) (it is well-known that the spec- 
trum of -ff(k) is continuously dependent on k). The same argument 
implies that A is also an eigenvalue of H{k). Since A 7^ A, at most one 
of these points can be equal to /(^). Say, A 7^ /(^)- But since A is 
inside J, it must belong to the image of /, say A = /(^), {^} = {^}. 
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Thus, ^ = ^ + n with n G Z"'. Since the function g is continuous in 3, 
=9(0^ and so 

\g{0-X\ = \im\g{l^)-f{l^)\<p-''. 

But we also have Ifi'(^) — A| = — /(^)| < P^^- The last two 

inequahties imply fl8.17p . □ 

Corollary 8.5. There is a constant C3 with the following properties. 
Let 

I := : t G [tmin,tmax]} C 3(t;). 

be a straight interval of length L < p~^6. Suppose that there is a 
point to £ [tmin,tmax] with the property that for each non-zero la. & I/- 
g{^(to) + n) is either outside the interval 

[gmo)) - C.p-"^ - C,pL,g{i{t,)) + Csp-^ + C^pL] 

or not defined. Then f{$,{t)) is a continuous function oft. 

Proof. Suppose not. Then previous lemma implies that there is a point 
^1 £ [^mm, imax] and a non-zero vector n G Z'^ such that \g{$,{ti) + n) — 

g{i{h))\ < 2p-^. Since |^(ti) - |(to)| < \i{tmax) - i{trmn)\ < L, it 

follows that (/ + n) C Ai, and now lemma [7.141 implies that for two 
different integer vectors mi and m2 we have \g{^(to) + mi) — g{^{ti) + 
n)| < pL + p-^ and |c/(^(to) + nis) - c/(C(ti))| <^ pL + p-^ . Since 
$,{t) G S for all t and the length of the gradient of (7 is ^ p in S, we 
also have \g{$,(ti)) — g{^{to))\ <^ pL. Thus, we have \g{^(tQ) + uij) — 
5'(^(^o))| < Cp"^ + C pL (j = 1, 2). Since at least one of vectors rrij is 
non-zero, this contradicts the assumption of the corollary. □ 

Now we are ready to prove the Bethe-Sommerfeld conjecture. Since 
in the two-dimensional case it has been proved, we will assume that 
(i > 3. 

Theorem 8.6. Let d > 3. Then all sufficiently large points \ = p^ are 
inside the spectrum of H . Moreover, there exists a positive constant C4 
such that for large enough p the whole interval [p^ — c^p^^'^, p^ + c^p^^'^] 
lies inside some spectral hand. 

Proof. Put N = dm. the corollary 17. 151 Also put 5 = C4p^~'^(the precise 
value of C4 will be chosen later) . For each unit vector 77 G M'' we denote 
Ijj to be the intersection of {rr], r > 0} with ^1(5). We will consider 
only vectors rj for which C B. As was mentioned in the proof of 
lemma 18.11 the length L of any interval I^f satisfies L x 6p~^. Let 
us prove that / is continuous on at least one of the intervals C B. 
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Suppose this is not the case. Then corollary 18.51 tells us that for each 
point ^ G there is a non-zero integer vector n such that 

\9{^ + n) - gm < Csip-" + pL) « {p-'' + 5). (8.18) 

Since \g{^) — < 5, this implies \g{$, + n) — < C^^p^'^ + 5) =: 5i, 
and thus ^ + n G A{5i); notice that C5 > 1 and so 5i > 6. Therefore, 
each point ^ G !B(5) also belongs to the set {A{Si) — n) for a non-zero 
integer n; obviously, |n| ^ p. In other words, 

m C U (/l(5i) - n) 

To proceed further, we need more notation. Denote 2)0(51) to be the 
set of all points u from D{Si) for which there is no non-zero n G Z*^ 
satisfying i/ — n G S(5); Di((5i) to be the set of all points u from T){6i) 
for which there is a unique non-zero n G Z*^ satisfying — n G B(5); 
and D2('^i) to be the rest of the points from D{6i) (i.e. I'2(<^i) consists 
of all points u from D{6i) for which there exist at least two different 
non-zero vectors ni,n2 G Z'' satisfying u — Uj G 2(5)). Then a little 
thought shows that we can replace D{6i) by Di{6i) in the RHS of 
fl8.19p . Indeed, this is shown in the following lemma. 

Lemma 8.7. The following formulae hold: 

S(5)n(U(^o(5i)-n)) =0, (8.20) 
117^0 

and 

(U(^2(5i)-n)) C U(25(5i)-n) (8.21) 

Proof. The first formula is an immediate corollary of the definition of 
TIq{6i). Let us prove the second formula. Suppose, 1/ G 2)2 ((^i)- Then 
there exist two integer vectors, iii and n2 such that i^ — nj G B(5). Let 
m be an integer vector. Then m is different from either ni or n2, say 
m 7^ 111. Since 61 > 6, this implies: 

1/ - m = 1/ - ni - (m - ni) G (S(5) - (m - ni)) C |J (3((5i) - n) . 



This finishes the proof of the lemma. 



□ 



56 



L.PARNOVSKI (2.2.2008) 



This lemma shows that we can re- write f l8.19p as 

m c u im) - n) u U (^i(^i) - ^) • (8-22) 

This, obviously, implies 

m = [j{{m)-n)nm) 

, (8.23) 

n^O 

Now let us compare volumes of the sets in both sides of fl8.23l) . The 
volume of the LHS we already know from fl8.2l) : it is ^ p'^~^6. The 
definition of the set !Di implies that 

vol(U((2?i(5i)-n)nS(5))) 

(8.24) 

< V0l(2)i(5i)) < p(3d-^)/3^i < p{3d^7)/3^p-d ^ 

Finally, lemma 18.31 inequality 6 < 6i and the fact that the union in 
()8.23p consists of no more than Cp^ terms imply 

vol(U((S(5i) - n) n m)) « pW-' + 6,p-') 

n 

(8.25) 

Putting all these inequalities together, we get 

p^-H < C6(5 + 5p^^''-'^l^ + p-'/''). (8.26) 
It is time to recall that 5 = c^^p^^^. Plugging this into (18.261) . we obtain 

C4P-' < C,{cIp'' + cp-^l^ + p-'^'^). (8.27) 

Now, if we choose C4 to be small enough (i.e. C4 < Cg'^), the inequality 
(I8.27P will not be satisfied for sufficiently large p. Thus, our assumption 
that function / is discontinuous on every interval C S((5) leads to 
a contradiction (provided we have chosen small enough C4). Therefore, 
there is an interval C '!>{5) on which / is continuous. Since the 
value of / on one end of this interval is < p^ — C4p^~°', and the value on 
the other end is > p^ + C4p^~'^, the point p^ must be in the range of /. 
The first part of the theorem is proved. In order to prove the second 
part of the theorem, we notice that the interval which we found 
satisfies the following condition: for each point ^ G /t, and each non- 
zero integer vector n such that ^ -|- n G /li we have \g{$, + n) — g{$,)\ > 
2p~^. This implies /(^ -|- n) — /(^) 7^ 0. Therefore, /(^) is a simple 
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eigenvalue of H{{^}) for each ^ G Ijj- This imphes that the interval 
[p^ — C4p^~'^, + C4p^~'^] is inside the spectral band. The theorem is 
proved. □ 
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